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ABSTRACT 

The purposq of this project isto teach learning and 
understanding pf mathematics: at the ninth grade level through the use 
of science experiments. This part of the prograjn cqntains significant 
amounts of material normally found -in a beginning algebra class. The- 
material shodld be found useful for classes in general mathematics as' 
a preparation .for enrollment in algebra ^:he following term. In ^ 
part^icular, th^ loaded beam experiment introduces negative nu'mbers, 
opposites- absolute ^valu^s and addition of signed numbers. The number 
generator*^ Experiment yields ordered pair^^^ when graphed, the equation 
of a line and its slope are determined. The^falling^ sphere experiment 
gives the same kind of data but also requires the fitting of a "best" 
straight* line'. The quadratic function is approached through /three 
experiments: the wick, horizontal metronoine, and oscillating spring. 
Finally, the idea o-f tangents and slope of a curve are developed 
through the inclined plane,, the lens, and floating magnet - with heed 
found for translation of axes. Included in. the Teacher's Commentary 
are background information, discussion of activities grnd exercises',' 
and answers to problems. (RB) ' ' * 
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PREFACE ' " 

The original version of Matheniatics Through Science, 'Part III,, prepared 
In $uinmer, 19^3, '^as tried out in the spring v^emeoter of the 1963-19^^^ sdhool 
yea^ by 30 teachers in lb school sybtem vitn ^^,003 ninth grade students. 
From teacher and :.tudent commcntv. and evaluations a thoroughgoing revision 
has been prepared bj a ^^riting te^m in summer, V^jbh. The basic tenets origi- 
nally formulated for Matuematic. 'Inrough Science have been ^adhered to. An 
attempt has b^^^n made, \\o ever, to rrovidc a reading level m term^ of the 
expectancy for grade nine. New exjerimentv have been devised to substitute 
for earlier ones ^hirh occasioned difficulties for teachers and st ..dents. 

°„ Part III Revisnd ::ontains significant amounts of 'material norr&ally to be 
!*pund %^ a beginning algebra coirre. It is lelieved that Part Ill't^^dsed may 
be found useful for cla^se^ in general mathematics ar a prepa'ration for enroll- 
ment algebra ti^e following term. Mathjematics Through Science endeavors to- 
break a "lock-step" in mathematiCo education. It seeks t.6 ^pen doors to 
students upon a iic a* domain of i'deas and applications. Thus student'tj may* gain 
nxathematical kno.vledge and skills ; lus ^ome understanding of scientific 
investigations and principles' ' • • ^ 

In particular, .the loaded^ beam experim^jyfe--i>atroduces 'negeitive numbers, 
©pposites, absolute values ^nd addition Oif signed numbers. The^ number 
generator experiment yield, ordered jjairil, **from wjnich graph, equation of a 
line and its slo^ e are de.tennincd. TheofatVng cphe^e experiment gives the 
same kind of da1>a but also rcquireo the^ fittio^r; of a' "best"'^straight line. 
*The quadratic fun jt ion is apf ro^ched'ttirough tirVee experiments: tHe wick, ^ 
horizontal metronome, and oscillating ^p^ing^ Finally, the idea of tangents , 
and slope of .a curve are .dtiv^ioi ed through the inclined plane, the lejis,^ and 
floating magnet — uith need founri for translation of axes . • ' , ^ 
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Sources for. equi^pment in the following experiments ere indicated below 
and are 'cod at the Tight of each item. , • 

(1) Scientific supply (i.e.; Cenco or Welch, etcO 

> « 

(2) ' Hardware store 

(3»)' Stationery store 

' - * • 

(U) Variety store ' ' 

(5) 'Home " ' ^ ^ ' 

Chapter 1 

• p 

' M -EJaPERIMENTAL APP^ACH TO THE REAL NUM&ERS 

i.' >The Loaded . Beam - Students are to work in'groiTps. Each group should 
have the follo;?ing equipment: 

1 fheter sticik - (l) ^ . ^ ' ^ 

1 l^in^ch flexibly wooden ruler - (^) • ^ 

i 5-inch C* clamp - ('2) ' _ 

> . " . ' . 

r 1 plastic pulley with moiinting rod ( approximately* 2-inch , diameter) - 

Cenco No. 7566o - / / '' • 

1 set of weights (lO, 20, 20, 50, 100, 200, 200, 500 grams) - ( l) • 
1 ring sjand support - (l), Cenco Nb. 72002-2, 72175-3. - / 
1 right angle clamp - (l); Cenco No. 12264 
1 spool heavy thread* or nylon cord - (4) 



^ • • Chapter 2 . ^ 

M EXPERIMENTAL APPROACH* TO LINEAR FONCTIONS 



Real Nmriber Generator - students are to work in groups. Each group 
sqould have the following equipnent: ' 

1 —-inch* diameter threaded rod, 12 inchej long - (2) ^"^^^"""^^ 

.1 hex nut and washer ^ thread ed , for 'rod, ^ fel ^ \ 

1 12-inch ruler " - ' }1 

'2 ^pty Scotch 'tape ht>lders \- (5) \ \ 

2: tube jnetal <:enient - (2);"i.e.; Miracle Brite 
Magic Adhesive, or similar 

1 roll masking tape ' ' • ^ 



Seesaw Experiment - Teacher demonstration with student help,. ^ 
1 meter stick.- (l)' . 

1 set of weights flO, 20, 20, 50, 200, 200 grams) - (l) » 

2 |)ulleys - {l) or nails 

1 spool nylon thread - (^) 

* - . 

1 balance support with knife edge clamp - (l), Cenco No. 755^0 

or triaiigular block of wood'' * - ^ 



Chapter 3 , 
THE FALLING SPHERE ' 



The Falling Sphere - students afe to wc)rl^ in small groups. Eaclj. group 
should have the following equij^ent: » » / x 

1 "^lass cylinder or jar at least Scinches high ^ '-"^ ^ 

1 > . ' , . . * 

1 steel ball bearing, about ^-inch diameter - (bicycle *shop)* 

• ' V " . " ^ r" . 

1 small horsesho.e magnet --(20 * ^ ^ ^ 



1 ^12-inch ruler, also 'calibrated in centimeters - iS) / 

1 bottle Kayo^^Syrup (white) - (grocery) . , * 

' * h paper strips, about 1" X lO; 7 (5) " . • ' 

' 1 rpll cellophane tape - ^^^^T^ ' : 

\ . - • enough for entire class , - \ 

* * 1 metronome (school') ^ . . ^ • 

/ , ' * Chapter 4 * ^ . 

. m ''experimental approach' to nonlinear functions 



\ 1. The Wick - students are to work i*i Vmall groups. EacK^group shouW 
N" '\ y ^ ' ^ / • \ 

\ h^ve the follo\5ang >equiproent: > 

-^^^ ^ """l 500-ml beaker - (€) * , ^ ' ^ 

-l""^ package 'pUper alips 

^ ' ^ , 1 roll 1-inch vide cjircmatography paper (1) . 

2X The . Horizontal Metronome - the number of studentrgroupsjiepends on 
^Vthejnumber of sets of 'equixxnent available. Each set~.ghoald contain 
f * the :SDlloving ec^uiianent; ^ ' , 

/• "^*-. ~ ' 1„ 

, 1 hatksfew b^de, 1iigh speed (molybdenum stee3:>/ 12" long, "g" vide, 



0-» 



4 



2- '^'"^SLli^®^^^' plumby^t^s lead-^^soldei* - (2) 

' 1 ^ clainp-fease';vise,.?"-vide jars - Az) , , ' . 

\ ^ ^ ^ ' . 

• ' jl &Jeep second'-hand' vatch - ,(5)> or stopwatch - (l) • ^ ^ 

% .sheets frosted acetate (^" ^ 11") - ( engineeritig supply)^ 

^ 3? -** ThV Oscillating Sp^-ing the number of student groups depends 0n. the 

, number of sets of 'equipnent available. Each set shouM^contain th^ 
' ' ' folloVing equipment: ^ < - . 

■'^ / . 1 set of hook veights (l00/'2O0 , 200 , 500 )^ - (l) ^ / ' 

'n ' 1 ^vin(^bv-shade roller sprang - (can be obtained- fr9m a shadre shop)-, . 

t ' ^or the equivalent (2) • - \: * 

/ P ^ . . 4* sheets frost<5d acetate (85" X 11") . ^ ^ ' • 7 : - * , ' * > ^ ' ' ' 
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1 sveep^ second-hand watch - (5); or stopwatch - il) - ^ ^'^ 

.1- roll masking tape ^ _ . ^^^^^^ sufficient for 

1^ dowel, hardwood (i" X 36") , ' '^py e^oap^ , Jj. 



'Chapter ; ^ 
'analysis of NONLINHAR FUNCTIONS' > 



The Inclined ' ftlane - the number of student groups depend's on the number 

of seffe of eguipnient available. Esch i.et should contain the following 
I 

equipment: 

1 aluminum angle (8-ft length, sidc3), "Reynold '3 Do-It-Yourself 
Aluminum", No. 7A (2). . / . 

I ^ aluminum angle {h-ft leugth, r> sides), "Reynold ^s"* Do -It- Yours elf 
>, ^ • ' 

Aluminum", No. 7A - (2) ^' ' 

1 stopwatch"', i-second divibionc - (0; or^ wribtwatch" with ►sweep second 
hand . * - 

^1 »meter stick - (1) ^ r - * . 

<^ • * " » 

1- oiHiai'd ball«^appr,oximately diameter^, .nr smooth croquet ball - 

(s'ports supplier) ' \^ * ^ 

i pounci of^lastolene clay 

" • ^" ' ' ^ - ' ■ 

^Ti-]^ Simple bens - the .number of st?ud^nt grouT^s depends on the number- of 

seta of equipment available. Each'- set should contain the following. 

equz pment : ^ » ^ • , ' . *^ . 

f 

1— positive lens; foca«l leng,th 8 inches or less - (^0 > ^ 

1 meter ^tick ^ (l) , ^ ^ . 

1 poundo pf pl|gtolene -,.(^0 t"*^ ^ * 

'1 straight pin ^ • ^' - 

1' flashlight ^ 2) . • • * 

1 roll adding machine ^ape - (j), one roll §dT entire class ' 



the Floating Magnet - the number^ of student groups depends on the. number 
of «ets of ^qulpnent available'.* Each set should contain the following 

1 aluminum knittihg needle (size 9)* - (^) 

1 set hook weights (lO^ 20, ,20, 50^ 100 grams) - (1) 

^^J'i 1 T ' 

1 bgard.to mount weights (j^-iifchr hole accomodate -^-inch knitting 
ne'fedle) C^) * J . ^ - ^ ^ 

h circular cerpic magnets, ^^^^ center hole^-^-inch diameter^, Th^se ' 
« magnets are taken fro?! magnetic kitchen hooks - (^^ 

1 epoxy glue^ - (^) (enough for^ entire clas9) 

1 'centinfeier* n^l^r . 



t • ^ . 

Chapter 1 f 
* AN tolimGENTAL APPROACH TO THE REAL NIKBERS 

!♦! Introduction . . 

^ ^ ' 

• Jn this chapter we use a "Loafled Beam" to develop the negative numlDers, 

'Th^ experimental results viil give an intuitive understandiing jg-^solute value* 
and the -addition of real numbers. The numbef * line' will "l^e ext^^^ed to include 
-the-negaftlve- -nuralDers &nd the operation of addition^^ver, the real num^bers will ♦ 
t>e developed. The numl^er line will also T^e used tor extend iti'e property of 'or- , 
dering for all real numbers. ^ \ * . 

,Fraii\ coordinate systoi;! on a line, we will move to the real numl^er plane. 
A coordinate system for the plaae will l^e^develo^ed and ire will learn to assoc- 
iate each point of the plane with an ordered pair of real numl^ers. 

The mathematics develol>€<l in this chapter is very siJnilar to that devel- ' 
qg^ in " some- of the' early chapters of AlgelDra I ^or Genejral Mathonatics. ^or 

lua 
4 



this reason it would iDe wise for the teacher to ir^ake an early evaluation of 
thejnaterial to, determine the appropriate timing for the study of ^his chapter. 

If the student already has a good understanding of the mathematics .devel- 
. qged. in- this chapter the chapter may loe omitted. , ' * , ^ 




:^ 1.-2 The Loaded B<?am 

I/-' • Each'. group sKpul(^>/^ve' the following equipient: 

1 meter,.stick (l) ' * , 

\ ^ .1 15-inch flexilDle wqoden ruler - (^) ' \ 

^ 1 .^-inch'^C.clamp - (2)' ,/ 
il'^^plastic 'pulley with mounting rod (approximately 2-inch diameter) - (l), 

• , Cenco^'No. 75660 * ' ' 

• 1^ set of weights (lO, 20, 20, 50, 100, 200, 200, 500 grams)' - (l) ^ 
1 ring stand support - (l), Cenco'No. 72002-2, 72175-3 

i ' right angle clamp - (l), Cenco ITo. 1226U * - 
; ,^.1^ spool heavy thread or nylon cord - • ^ 

Tfie essential feaOtaie of this.iexpejiment is the linear iDehavior of the 
position of the end of the iDeam as the load changes Tsoth in size and direction. 



One of the physical variables in this experiment is the length of the /beam. 

. The 15-inch rulei' should Ipe claiTS)ed so that there is at least a IS-in^h over- 
hang.. ^ Zf the C-clamp is not placed at the end of the de^lc* the beam will have. , 

, different lengths for "upward!" and "downward" loads (Figure l).. 



/ 




Figure 1 

, A piece of ^ood plSiced over tHe ruler will prevent- this and ^sur.e the * 
, student a heam of constant length (Figure 2) . ■* f 
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Figure 2, 
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When the i?ulley ^arrangement is set up for upward def ledtions , ca^e mus^ * 
he taken so- that the storing is approximately peirpendicular to the "beam. 
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(Jigure 3) • If the string" makes mxi ' 

angle with the beam, th^n pnly part 

of the force applied to tne beam 

will" be used' in bending the beam. 

One component of l^e force will be 

"compressing" o^^'" stretching" the 

beam (^gurje" i*-^^ If this hapj)ens 

then the upward deflect-ion for a ^-^ 

100 graan load (for example) wi4i . 

not agree with the (downward deflec^ 

/ - 

tion for the same load* 

Students may work in groups of 
six or eight, but each student should <. 
have an opportunity to observe the 
appal-atus at close quarters and talJe 
some deflection readings of his own 
to get ^a good- feel for the lineai^ 
nature of the deflection and ihe addi^ 
tive properties assoc3,ated with this 
deflection. ISae pulley should J)e* 
tapped* lightly before each reading 
to mii[iimize errors caused by friction 

' ' ' .."^ ' 

There are several substituti'ons - 



' of materials which may be made for ^ 
%the equipment used, in the experiment. The beam may be a 15-inch fle^^le ruler, 
as stiggested in the<text, or several other things ma^ bemused. Anong these* 
-ai'e a wooden yardstick which may be supplied free of charge by your local 
haiHiyare store^ a wooden meter, stick, a metal carpenter's rule, or l" >^ ^" • • 
aluminum stripping cut \n appropr^pe lengths. Instead, of^tl^ r^-ng stand - 
puj.1^ set-UQ you may make an L-shaped su^^rt from 2 X V's and^'drive one or 
two ^Qxge nails' into the upright to replace the pulley. If the nails are ,used 
. instead of the pulley, it would ^e best to make a special effori; to get nylon 
string, since this would introduce the lea^t. amount of friction into 4he 
system.' *(See Figure 5.) 

\/ 

. t I ■ " ■ : 
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^ ' figure 5 - ' „ 

1»3 The Real Numljer Line ^ . , 

This section assumes that the stjudent is already familiar yith the set 
of\ positive 'numbers as . displayed ^on a number line. The idea of 'a imit distance 
\s emphasized and the negative *t^^"bers' a re^ developed vithin the setting of the 
e^eriment. f • " \ ^ 

In general we have tal^en the pdint of vi,ev that the student really has ^ , 
some experience vith negativi numbers J He is reader to latel the points to the 
•left of Q. We extend the numbers of Arithmetic to the set^ of re^l numbers ty 
attaching 'the negative numbers to -tfte famili^tr nuii|[bers of- arithmetic* 

In graphing real numbers, the teacher should 'emphasize the fact that the 
number lin6 vhich the stud'^f .dr^^s is\orily an approximation of an ideal number 
lini^ Consequently, an^ information vhf^ he 'deduces frcM^his numher line 'is' 
only' as accurate as his draving. ' ^j^jf ^ 



An understanding of tile Pythagorean Theorem i$ implicit in th? ?ietho,d , 
.developed for locating on the numher line. However, this should^ not *;^e 
allow& to distract from the main ddeas o^^ the sectiojj. c//^ ' ' ' 

.P^Uhempre capahle , strident, the Pythagorean Theor^/^^^he IJriefly 
discussed." The schone d^^.^taphing can then he extended Wfeive a method-^ 



for detennining successively V^; ^/ etc. Giv§n the unit distance on ^ 

the numher line, let he a lina^parallel to the numher life and one unit away 
fronwit. Construct jBhe V5 as illustrated in the Figure 6. . ! 




Figure 6 

\ g^e ^perpendicular to ti\e nurater line at meets £ at a poi'nt A, and the 

circle with centei? 0 and radius OA meets the numter line at -Jz (Figure 7). 

V ^—^^ . #1 




Applying the same technique to' V5", we j;^^^^^ locate 
"be continued indefinitely (Figure 8). 



This process may 




^ * Figure 8 

We want the student to realize .that there are many points on the, number 
linre which do not have rational coordinates • • . „ , ^ ^ ^ 



Exercise 1 ^ • * 

^For each of the following^ c-.istruot a number line determine the 
points whose coordinates xe as follows: - 



(a) 0, h, 2, ^ |, -3 



(b) |, - |; 2.5; -2.5; 3 



(c) -5; h 5; ^ 



J i — I » » .1 — I I » ^ ! — I— 



-3 



I 0 1 2 



1 1 t t I y 1 I 1 i 1 f I » » ^ I 

>2.5 0 1 I .2.513- - . 

-hH — I ♦ i 1 — ^-H — — I » f I 1 



-5 



0 1 f 5 6 



(d) ^/2, -V2, 2^, 3^/2, -2^ 7*- 



-f • i- 



^ 1- 



"-2V^ '^^2 0 42 242 ZJ2 UV2 



(e) 42 + 1, ^l2 - 1, -{42 + l), -V2 + 1 



-(vl 



^2: ' -42 '\ 0 1 2 



2+1) 



4^ 



'Ari-ange each set of, three numbers given below in the order. in whidjr^hey 
would appear on th'e number line, reading fron left to right. 

(a) 10, !+, 6 ; 



(b) It, 2, -\ 

(c) -1, -2, -3 

1 it ^ 

^V' "2,' ^> X 
(f)' J, ^3, 1.73 

(h) /f, -2.65, ^ 



U < 6 < 10 

<2 < 
/ 

- 3 < -2 < -1 

\<.i<\- 

■ 1.73 <'^<f 
- I < -2.21+ < 



,4^ 



19 1^ 



3* Which, of the following rational numbers *isTclo"%ast to ? * 

. 22 22 ^ • • ^ ; 

"•■.('c) ^ .. -. '•* '4)2 ^ 1.96.-'' . • - 

•■(d)- 'I ^ ' 2.cix)i9 _ • . ^ 

l.h Ordering the Real Humbers ^ ' ♦ 

The comparison property is elso called the trichotomy, property of order 
Notice that it is .a property of\< ; that* is, given any^ two different numbers, 
they^ can be ordered sp that, one is less than the other. When the, property is 
stated we ^ust incl^ide .the third possibility that th§ numerals name the same 
nmber. « Hence, the name "tri(5hotomy" . 

Alth^^ugh "a < b" and "b^> a"* involve diffeirent orders, these sentences 
say exactly the' same thing ^^bout the numbers a and b.. Thus, we oaij^ate a 
trichotomy property of order invoivir 

For any number a (Md any number" b, exactly 
i / one of th^se is ti 

. . ' ^ a > b, aV b, !b >' a 

If, instead of concentrating attention on the order relation, we con- 
centrate on the two numbers, then eitheV. "a < b" or "a > b" is true, Taut not 
both- Here we fix the nijmbers a andV b and. then make a decision as to 
which order relation applies. It is purely a matter of which we are inter- 
ested in: the r^umbers or the 'order. The comparison property is concerned 
.with an order . ^ ' . 

The extension of the c^^dlrisoir operty to the transitive property is 
an important extension of the\rdering properties. ^Pfny attempt to illustrate 
this transitive -pa^^ty of <. with triples 'of integers is likely to be met 
with, a vociferous J'po what J" by your students. On* the other hand," not onl^r^ c£ 
this property be illustrated >d.th fractions as in the text, but thsr student 
can also begin to appreciate, its usefulness*, ^^ 

*^ ■ \ • 



-Exercise 2 



!• Use appropriate properties to order each of .th^ following -pairs 
numbers. * • 

(a) 0,56 ' ■ • ^- - . ' 

• 0 < 1 and i < 56, so 0 < 56 

(b) .-T, 0 ' ^ ■ * , ~ *' 

-T.< -1 < 0 , " ' - ' . 

. .(c.) 33.3, 33I « • r. 

. . . ' • V 

33.3 <'33^3 < 33.333 ... = 33^ . 



■ERJC 



(d) -50, -100 



50 < 75 < 100», 'SO 50 <^\po and -100^< -50 



r 



Z;?)^ 25^ 25. ^ 

g<l and 1< g sc 

3\io,ooo 

2 ^ ^ 667 

3 ^ '^^^ ^ loTooo 

(g) - \i - ^iS 
M - - ^ / 

' (i) -n/ -3.1^ " ' 

3.11^ < 3.1^159 <7t and -7t < - 3.1^ 

'(J)"'^/-1.732 - ^ 

* .-1.732 < 0 and 0* < 
-1.732 < -/J ^ 



'3ji"^ire^ba.anks-'^lov, \ise.one of tHe syjiiols, =, <,_^>, to-make a^tru^* 



3^6 
5 — ' 10 




• (f) 
(g) 


_ ^ + 3 + 2 








(h) 










^(i) 


2>5 ' 




- - -666 ... 




(J) 


103 \. 20? 
J 13 — ^' "25 





■ Use the tr^sitive property to determine the ordering of the following 
groups of three real numbers . 



.(a) 



i 3 



12 



(e) 3^ i^, (3 + ^f- 



1 3 

(h) It, -It, ^2 c 
-It < ^2 < It 

(c)- 1.7, 0, .1.7 

-1.7 < 0 < 1.7 



(f) 



y < < 7^ 

1 1 1 * ' 
2^ " 3' " ^ 

"2 ^ - 3 ' ^ 



1^3 



27 ,,.3 2 
" 15^ ^ 15^ ' 15 



.(g) 1 ^f. 1 1 + (|) 

, 1-^ <i-4<i-.-|. 



15 15, ^15 



state a transitiv4 pr<&perty for: ">" and illustrate this property with 
Problem 3(a) and 0)). > /' 



If a, b, c ar6 real numbers, and if a > b s^d 
then a > c . .^-^ 



(a) 12>|>-i 
2 5 



(b) It >">^ > -It 




5. ' Sandy and 'Bob are seated on opposite ends of a seesaw, anU^ Sandy's end 
of the seesaw comes slowly to the ground. * Harry replaces Sandy at one 
end of the seesaw, after whioh Boh's end of ^he seesaw oomes to the - 
ground. Who is heavier^ Satidy 07i Harry,?. - ^ • , ' , ' 

r * t 

, ^ S > B Sandy is heavier than Boh " ' ^ 

B *> H Boh is heavier than Harry ^ 

S > H * Sandy is heavier than Harry 



1.5 Opposites ' * . , 

Your students h^ve quite likely ohseirved hy now that, except. for_-0, the'~~ 
real numbers occur pairs, the two numbers of each pair heing equidfistant ^ 
from O.on th^ real numher line. Each numher in such a pair is called the ♦ 
^. opTDOsite of the other. To , complete the picture, 0 is*defined to he its own 
' opposite. In locating the ofip^ite h% a given numher on the numher line, you 
may well want to use a ccnipys 'to 'aiip'hasize that the numher and , its opposite _ 
" are equidistant from 0. . . . 

♦ IT X is a positive ;iumher, then -x is ^ negative numher.* The opposit^e 
of any negative numher x' is 'the positive numher -x, ^d -0 = 0. Th-e student 
fehould not jump to the\conclusion that when n is a* real numher, then -nt is a 
negative numher; lihis 'is" €rue only when n is a positive numher. ' ^ - 

. . In order to motivate the'/^ordering property for opposites", 

' ^ . ^ *. tor real numhers a and h, ^ ^ ^ x 

if"*^''< h\ then ' -h < -a , ■ ' * ' ' 

it tpuld he^.well to^onsider several' oth^ pairs o^ numhers. For example, we 
could consider a pair of distinct -positive ,1SteBihers, a pair of .distinct negative 
numhers, and a positive numher, and 0 and a negative ntmiher. ^ - 

\' - IbceCTlse 3 . 

1. Simp^lify ea^ch of the following expressions, 



■ (a) 


-(1^ + 2) 


A 


(g)' 


-(2 '+ 5) + 15 




8 ' 




-(-2.3)- \ 


2.3 


(h) 


-(7 - 10) - 3 , 




• 0 . 




-(1^2 + 0) 






',-(3-X l^.)'+'(-3)- 






(d)- 


-(3.6) - (2.1^) 


-6.0 


' (J) 


-[-i-5)] +5 




0^ 


* (e) 


-{k2 -KO) _ 


0 


(k) 


-(-7) + [-(-7.)] 






(f) 






(1) 


-(3) + [-(-3)] 


[-(-3)J 


r3 



What kind of number is -x if x is posrtive^ 
V 

-x is a negative number. 

If X is negative? ' ^ i 

-X is a pcfe'itiv,e*|}umbe^. 

If X, is zero? 

-X is zero. 




What kind of number is x if '-x 'l^s a positive number? % 
X is a negative number. 

If -X is a negative number? ^ . 1 ' , , * 

X IS a positive number. \^ ' li- 
If -X is zero? -< ^ ^ 

X is zero. ^ '4 

(a) I^ every real number the negative of sane real num>$r? 

Yes. Ranember zero is its ovn negative. 

(b) Is the set of all negatives of real npmbers the^same as the, 
set of all real numbers? ^ . . 

Yes . , . J" . 

(c) Is every opposite of a number a nega1;ive number? - ^ ^ 

No. The opposfte of a negative number is a. positive number. 
• 1^ ; , . 

^ For each of the following pairs, determine vhich- is the greater number. 



(a) 2.97, -2.97 



2.97 > -2.97 (e) -370, "121 



(b) 
i(c) 
%) 



-12, 2 . 
-35*8; -762 
-1, 1 



2 > -12 
-358 > -762 
1 > -1 



(f) 0.12-, b.2k 

(g) 0,. -0 ^ ' 
•(h) -0.1, -0.01 
(i) 0.1, 0.01 



-121 > -370 
0.2h >'0.12 
0*= -0 
-0.01 > -0.1 

0.1 > o.ox 



Write true sentences for the folloving numbers and their opposites, 
using the relations " < " or " > " . . • ^ 

' Example: For the numbers 2 and 7, ^ < 7, .-ajid -2 > -7 • 

(b) 1^, -3t - -jt < 1^ and jt > - 

(c) «, Y . * , «"<Y and'^'«>- .^» 

(d) 3(| + 2), J(20'+ 8) ' 3(^ + 2) < J(20 ■+ 8) 

; and -3(^. + 2) > -.|(20>.8) 

_(e) -(^), -2 " ' :(H^l. = -2 ■ 

(f). -{(3 + 17)0}, -{(b'+ 0)3) -{5 X 3} < q aid- 0 < 5 X 3 ! 

Let us write. " ^ for thjs phrase "is farther froirt 0 than" on the 

real number line. Does " " l^ve the comparison property enjoyed, by 

" > "; that is, if a and b are different"^ real numbers^ is it true 

that a 'A'b or b 'A' a but not both? t 

» 

No. The- relation a^^b could look^like either of -the folloy- 
^ ing figures . , ' , • ' 

: 1 ( a vhere a > -b 




0 b a 
_^ : ;-|— ^ 1 : . • where b > 0 

. ^ ° ^ . - ». 

Does "a 'A'b" hav^ a "^ateitive property? 

^ ' . . / . 

Yes . J.f %, is farther from zero than b and b is. farther from 

zero th^in c , then a is 'farther fron zero than c . 

For which subset of the set of^ r^al numbers do " and "0»^ have the 
same meaning? ^ ' — - • . 

* The set of all non-negative real numbers . ^ ~. 



-\ H 



a > b - 




2».- 18 ./ 



S. Translate the fol4.owing English sentences into mathematical expressions, 
describing the variable used, v ^ _ " . , 

^ (a; OSie load on^the beam is greater than '100 grams. What is the load? 
\ *i>100 ' . ' . 



iyY OSie deflection of the beam vas'^no more than iS'mm up. 'What was the 
deflection? * " - ' 

p >-rl8 • . ' . • . , 

(c) Paul hung 30 grams from the beam, but Jim added more than 60 grams 
to the load. What was the load? * 
i> 30'+ 60 *o(r " ^> 90 . ' - , 



/ ^ 



Change the i:iumerals and to forms with the s^ame denominators. 

(Hint: First do^tliis for and |2 .) What is the order of and -^?- 

,(Hint: Knbwing the order of ^ and what is the order of their, opposites?) 

n 13 s ^^9 637 ^15 42 ,630 15 13 13 15 

.IJow state a general rule for determining the -order .of two negative rational 
; numbers* . " . . 

♦ .* For'any negatj.ve raticfnal numl^ers -a an<J -b, if a'<b then'-»b < -a. 

i * ' 

1.6 ^Absolute^Value. ^- ' ' •.• *" * - 

— • % 

• ' ^ ^. I ' \ 

^» The cpncept of the absolut^e value 'of a number is one of the most us^f'c^ . 4^ 

ideas tn mathematics. We will find an immediate "application of absolute value 'V^ 

when^we define^ addition and multiplication of * real numbers. 



_.ia muxtiDiLicaTiion or re«i numhers. ^ ^" 



J 



The usual definition of the absolute value of the real number n. is that 

i-t- is .ihe' fiuraber }n| f 02^ which . 

/ '"' O ' • I I • ifn>0 _ ^ 

^ ^ . n * = 



-n, if n ^0 • 



This is also the form in which the absolute ;valu5 i« ^most coiicnonly use^-^vOn, 
the other hand, since students seem to have difficulty with definitions of this \ 
kind, we define the absolute value of a number in such a way that, it 'can be ,^ X^. 
clearly pictured on the number line. * ^ 

By observing that this "greater" of .a number and^' i1>s opposite is* just the 
distance between the 'number and 6 on tl^e, real nCajj)3er line, we are able to ^nter-'. ' 
pret the absolute, vajue "geometrically". . \: — - . 
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ercise 



I.' 



2. 



'Fi^id the absolute values of tliie following nuii^rs. - . ^ ' , 

:{a)*.|-7-| ■ _'7-^' (f) ~ ~"~ T"""^ 

,(b)- |-(-3)| ' ;1 , (g) ll^'x 0| > 2 . 

'.(c) 1(6- !i) I ' '2 ' (:hy |(!v + 3)-7| " ' 2 '"N*?: 

(d) [-lV+0[ £ ^v(i) I- [-(-5)] I - ' l' , 

'(e) ; |-(10 - 8)1 2 (j)' |-C5(3 - 2)]t _ , ' - 1; 

For a negative n\;anber x, which is greater, x or' |x|? ; , 
II ' * 

|x| > X, since all positive numbers are greater than any 



^ ' • negative number. 




1 


> 




3» Which of the Tolloving statenents 


are 


true? 




(a) I-TI < 3 


. false 


(e) 


; 3 < 1? 


true 


(b) |-2|<'|-3| 


tru^ 


(f) 


- 2 < -|3| 


false 


' (c) 111 


false 


vs; 


l/iSI > l-ul 

\ III 


false 


(d) 2 ^ |-3| ' • 


false 


(h) 


|-2|^ = ^ 


true 


h. Simplify each, of the followipg. 








I ■ j ■ (a) |2| + [31 . 




(J) 


1-21 - 1-3| ■ , , 




(b) |-2| + |3| 


\ 


(k)i 


-(|-3| - 2) 




■ (c) -(|2| +|3|) 




(1) 


-(|-2| + |-3|) . 




. ' (d) -(|-2| + |3|) _ 




(m) 


3 - |3 - 2| 


2 


f .. . , (e) 1-7| - (7 --5) ; 


1 


(n) 


^(|-7| -.6) • 




''ity 7 - |-3| 


It 


(o) 


|-5^X>f-2| 


0 

10 


■ ' (g) |-5| X2 


• -10 \ 


(p) 


-(|-2| X 5) • 


-10 


I; < : (h) -(1-51 - 2) 




(q) 


-(|-5| X 1-2]) 


-10 ^' 


f--^-' (i-),|;3|'--|2| 








i 



\ 



ERIC 



1^7 Addition of Real lumbers ^ ^ ; 

o 

At this point^e again return to the experiment ^to rein:ftrce intuitive 
understanding of the operation, of addition over the real numbers. 

We have seen that the definition of addition of real numbers satisfies 
two of three requironents^ we'make . It includes, as a, special case, the 
familiar addition of numbers of arithmetic, and it Agrees with our intuitive 
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; feeling for this operation as shown in working with loading the"beam and wi^th 
• ^ts deflection. Tlie third requirement is that addition of real nutnbers have 
the same basic properties that we observed for addition of numbers of arith- 
metic. It would be awkward, for instance, to have* addition of numbers of 
arithmetic commutative and addition of 'real numbers not commutative. 



\ Notice that the commutative ar^ associative properties were regarded 
as axioms for the numbers o^ arithmetic; and the ope^-ation of addiitioB was re- 
^garded ess'entially as an undefined operation /H^r the -eal numbers/ however, 
ve have made; a definition of addition in ter^ns of earlie;r concepts. If our 
definition has been properly chosen-, we shDuld find that the properties can 



be P3:oved as theorems < 



■hi' 



Exercise 5 ^ 
K 

Perform th^e vindicated additions on r'eal .Yiumbers). us in^he. number line' 
to aid you. 



(a) (-6)-"*+ (-7) 

(b) (7) + (-6) . 



-13 



Tf- 



/ -6 



^7 



■ (c) (-9) - (5) 

(d) 6 + i-h) ■ . 

U) (-5) -+-{8) ■ 

, (f) (25) + (-73)° 

(g) 5| + 2| 

"• ,(h) (-2) + ,(^-7) 

(i-i)--f'(2|) 



2 
0 

-!t8 



'6^ 
2 



Parts Cc)^through (j) 
would-be illustrated 
in a similar manner. 



I, 



Tell in your own words what^you do to the two given numfc^rs to find 
their sum - - . < 



(a) 7 +-lo 



Start at 7 cjn the number line and move 
10 units to the right to get. a sum of 17. 

Start ^t 7 on the number line and move 
'10 units' to the left to get ^ sum of -3. 




21 



^ B 











\e) 






n + (-1) 




7 + . 1 -1 nl 




It! + (^AO) 




|7-+ (-lO)h 




(-Irioiy ^ l7l 



4( I 



-16 



Parts. (c)-thr£?agh (j^) 
would "be described in.^ ' 
a similar manher. 



In each of the following, find the.^uyi, first according to the defini-^ 
tion and-^en by any other method you find convenient, \ 

(e) 18 + {'Ik) 

(f) 12 + 7.^ 

•(d) 2 + (-2) • 0 (h) (-35) + (-65) ^, ^lOO-/ 

In the course of a week the variations in mean tajiperature from the _ 
seasonal n<5mal of 71 were ,T, 2, -3, ,0,' 9. 12, -6. What were the hiean 
temperatures each day? ' • ■ ' 

Sun: "71 - 7 .= 61i. Mon: " 71 + 2 = 73 

Wed: -71 + 0 = 71 Thurs: ' 71 + 9 = 80 

Sat:' 71 + (-6.) = 65 '..^ " 

What is the sum of their variations? 

( -7) + 2 + ( -3) + 0 + 9 + 12 + ( -6) ■= 7 



■ (a) (-5) +-3 . 
^ (b) (-11) + (-5) 
(c) (- f) + 0 . 
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Tues: 71,'- 3 ■=• 68 
Fri: 71 + 12 83 



/ 



1.8 « The Real Number Plane ' * 

-You will notice that in the discussion of the coordinate system in a 
plane carfe was taken"'" noV to mention the x-axis or the y-^xTs. If -^tiesi-red - 
to.^ive the student the feeling that the label' attached to the horizpntal 
'^axis aii« ?o the vertical axis" would be dependent upon th€ sets which" represent 
the- dom%i and the range of- the relation being -graphed. 



29 
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' Exercise 6 

Piot the folloving ordered pairs of numbers, write the number of the 
quadraiit or the ^position on an axis in which you find the point, re- 
presented "by each of thesV orde^T pairs : * > . • 



'f^ ' \i,-k) 

(d) (-k,}i.) 

(e) (o,.o)- 

(f) (0,5) 

(g) . (-3,-1)' 

(h) (7,-1) 

(i) (8,6) - 



I 


'(j) 


(3,;^) 




IV 


. II 


(k) 


(-3,-5) 


\ 
f 


, III; 


IV 


'(1) 


(:1,3) . 


• 


II 


II 


(m) 


(2,-h) 




, IV - 


origin 


(n) 


(5,2) 




I ; 


+ y-axis 


(o) 


(-3,0) 




- X-axis 


Ilf 


(p) 


(-i^,-5) 




III 


IV 


(q) 


(-1,2) 




r 

II ' 


■ I 


(r) 


(3,-1) 




IV 



✓ 








•• (-1,.3). 
* (-1,2). 

' ' ,(-^.0) 


.(0,5). ■ {Qf) 
(3,5) 

*(5,2)- 

(0.0) 


• (-3,-1- 

> 


>(3,-l). ' .(7,-1) 
.(3,-2) 


^--'^'-5). /-3,-5) 


(1,14) • --- - • 

• • 

(2,-1;) ; 


• 





2. (a) Plot on a coordinate plane the following set (k points: 
■((0-,0), (-1,0), (-2/0), (2,0), (-3,0), (3,0)} . 



(-2,0) . 
♦ ♦- 



(o: 



.(-3,0) 



(-1,0) 



0) 



(3,;o) 

— — 



(2,0) 



(b) Do all the, podnts in this set seen to lie on^the same line? 

Yes^ they all lie on the horizor^tal axis. * ~^ 

(c) What do you notice about the vertical coordinate for each of 
. the points? 

All ordered pairs have 0 as the vertical coordinate. 

3. ' (^) Plot\he points 'in the foJLlowing set: 

{(0,0), (0,-1), (o',l). (0,-2), (0,2), tO,-3)/(0,3)} . 

(b) Do all the points named in this set seen to be on the , ^ 
same line? ' " . * . 

Yes , they all lie on the vertical axis. 

(c) , What do you notice about the horizontal co6r- — < ' 

dinate* for" each .of the points? 

All ordered pairs have 0 as the horizontal 
*♦ * coordinate. 

k. (a) Plot' the poiiils in the following set: ^ v-'^ '*' 

. _ J ' ' ! {(0,8)V(1,6),^(2>-), (3,2), (4,0)5 . ^ . J ^ 

(b) Do a'll the points named in this 6et seem to lie on the same line? 



(0,3), 
(0,2) 

(0,1) 



(0,6) 
(0,-1), 

o(0,-2) 
(0,-3) 



Sample Test Itans 

Arraxige each set o$ four numbers given belov in the order in which they 
would 'appear on the number line, reading left to right. 

(a) 0, . i -3 • • 

(b) -2,'. I ' ■ • 

Use the transitij^ve property td^ detennine the ordering of the following 
^ groups /of three real numbers. ' ' i ■ 



(a) - 



10 



(c) lA, 1.1+1, iMh' ' • 
Sinii>lify the •following expressp.ons . 

(a) ^{A.l.) ' " , ' ' ' 

(b) -[-(-3)] . 

(c) -(3 + 2) + 6 ^ 

(d) -(2 X 3) + 6 

For each of the following pairs, determine which iTs the least Jiumber. 

(a) . 2X, 2h ' 

(b) -0.01, -O.OOl 

(c) -2.09, -2.10 

(d) -315, -362' ' 
Translat^l^^^Mj-Xfewing into mathematical expressions. 

(a) Bob hiSg 86 grams fron the tjeam but Boy added more. What was the 
load? 

(b) The^def lection of the beam was at least 8mm down. What was the 
"deflection? . ' 

Which of the following statements are true? 




(a) i-3| < |-2| 
(c) 5 /: |-6| 



(d) Iv^l < |-5| 

(e) -|-3|-=-3 
Af) |-5r< 1-61' 



2 



simplify each of the following: 



(a 

(c 
In 
(a 

(c 
(a 



(a 
(t 

I 

(c 

■(a: 
(t 

{a 
(t 

(a 
(b 



-ri-3i + 15|) • (-d) -(i-2| - iM) 

8 -(-5) ^ (e)J-7|x|-3| \ 

b\ \ ■ (f) -d-H X |-3|) 

each of the following; find the indicated* sum. 

(-I-6r+ l5l)' . ^-Cd) 16 + (-12) 

(-15) + (-25) ' (e) |7+(-12)| 

(- J) + ( - f) " (f) (-2.8) + (1.6) 

Plot "the points in the following set on a cpordina'te plane, 

((3,1^), (-2,-1), (-K,-'^), (0,1), (5,6);} 
Do air the points &e^l to lie on the same line? 
f not, what are the greatest num"ber of pojfnts on one line? 



Answers to Sample Test Items 



(a 

6 5 1^ 3 • 

■y y 2 



1 ^ ^ 1 ^ 1 • r 
■ H < - 9 ^ " 10 

- l.h < l.hl < l.UlU 

>.7 . .(c) 1 • . 

-3 i (d) 0 ^ 

' ^ *(c) -2.10 

-O.Oi / ^ * (d) -362 

/ >6o ^ ^' . (t) ^P <8 . . 

, (e) and (f) are true. 

;8 (c) h (e) 21 

13 ■ ' . (d) 2 (f) -12 



3o 26 




' (c); U/ail except (-U^-U) . 



i 




Chapter 2 

/ ' M EXPmME3^TAX APPROACH TO LINEAR FIMCTIONS ^ ' . . ' 

. 2'# 1 Real Number Generator ' ' ' ' <s. 

In Chapter 2, ah effort is made to further motivate the und,er standing of 
the' number line and the coordinate plane. The number generator has potential 
for aiding the understanding of a wide range of ir^hematical ideas, in this 
instance, an examination of many asp'ects of ari'tHmetic is made. 

Ihe Number Generator Experiment may be done either in student groups of 
as a teacher demonstration. Equipment list for 'teacher demonstration follows: 

i threaded rod (i^* X 12") * \ ' 

,1 i" hex nut ^ - . ' 

1 ' 1 • ^ 

1 -g" inside diameter, 1-^" outside diameter washer 

2 transparent tape holders 

1 12" ruler * ' ' ^ • 

1* small roll of masking tape . ^^^r^i^ 

1 • ' 

^ lb of modeling day - " 

' 1 tube of adhesive for indicator (l&racle Brite Magic) . 

l^ke a one-foot piece of ^" threaded rod with a fitting hex nut and 
" 'washer' Glue t^e washer to the hex n\it and thread the combination 6n the rod. 
Support, the rod with two transparent tape holders ^nd modeling clay. Mask the 
ruler and "glue" i*. on tape Hblders as '^illustrated in the student text. 

In the manipulation of the number generator, the direction of rotation 
^ of the indicator is deliberately ignored the "turns" are positive Qiily. 
Ihe faces of the hex nut are deliberately marked only on the z^ro and i -turnf 
faces so that the direction of rotation will not be. an obvious issue. If the 
hex, nut were marked 0, 1, 2, 5j X^en you turn it the opposite direction 

would read 0, 5, 4, 3, 2*, 1 . 

Exercise 1 should give the istudents a good review of the arithmetic of 
the rational numbers. Tl^e conversions of turns and face changes to numbers on 
the scale might stimulate a discussion "which would make rational numbers more 
• meaningfijl to the student. • ^ 



How many jfurns of the indicator are necessary t"o generate the following. 



numbers ? 






(a) 3 


30 turns 




(b) -\ ■ 


. itO turns 




(c) 1.1^ 


l4 turns 





(a) -2.8 



(f)--,ii. 



28 turns - " ^ 

turns 
13j turns or 

:*r3f1;urns + 2 face'c>)ange# 



How majiy f^ce changes of th^ liex ^ut ,f rom the ,zej^ point will generate 
the following numbers? - ^ 



(a) 


2 - - • - 


120 




-4 


126 


(b) 


-3 


180 




5 


50, 


(c) 


33 11 


33 


N (k) 


3 
5 


36 


(d) 


5 




(1) 






(e) 


i 


/ 75 


(m) 




270 


(f) 


-i| - 


" 90 


. ' (") 






(g) 


7 ' 

12 


35 


'(0) 




1*38 



^84 



What numbers would be generated by the following number of turns of 



the indicator? 

(a) Right 35 

(b) Left 15 

(c) Right 95 



3.5 or 3^ 



(d) Left ^ 



-U.2 or 



-1.5 or -l| , (fi) Right 17| 1.75 or-l| 



or-9|-.^. 








or 


7 
30 












lOx 


= -2.333. 
















X 


= i .233. 
















9x 


= ^2.1 
















X 


-2.1 


21 




7 ' 
30 






























] 







3i3 



.30 



.■-.X 



irtiat numbers would generated by* the following number of face changes 
from the zero position? 

(d) Right 156 2^ ¥ 

(e) vt 512^ - ^ , 

if) Pight 316 54 ' 



(a)' Right 90 

(b-) Left 

(c) Left 256* 



4 



^ (9 



2.2 Functions and Relations 




the dat^,^Qa,^|rcise.%r^ 



At this point th^ student shoi 
PI^D"blems 1 and 3, in "ordered pair 

position of the first element and ^^h^llumber of turns of the^^gf^catior n^ces 
sary to generate the second element.. Then plot the ordered 
dinate plane- as instructed in the- text^*- 



a coor 



Since thfe-Jajiit distance on the^wo axes need not be '1^^.J?^jJle,'^^.. 
graph m3y appear a^ follows (Figure -l). ^>^!L?i-' ' 





31 



37 



2.3 The JPetce - Scale Relation 

' Now return to Exercise 1,' Problems 2 and k-. This time -^e, student will 
prepare a new set of ordered pairs. The first element this time will be the 
number of face changes from a fixed position and the second^lemejit, will ,be 
the number on the scale corresponfding to the fii^st. The graph in this in- 
stance may appear as Figure 2 after dUe consideration of continuity. 




Figure 2 



This section could produce a good discussion of the importance of defini- 
-tiorls- in mathematics., ' ' ' ^ --^ ^ ^ , j 

^ It is possible spme students will have difficulty with discrete a^d con- 
tinuou^ relations. Many examples should be given such as counting the cars 
In a parking lot and the parking lot itself provided there are no "breaks" 
in it. Douit be formal or rigorous with your examples. Physical continuity 
is sufficient, so build ^«~^he student's intuition. 
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Exercise 2 



/ 



Which of the graphs of the relations shown below are graphs of a function? 
E^an^Ies: 



ilunction 




not a function 



1 2 



^N^^t a func. 



12 3^ 



r 

\ 


function 









not a 
r function 



(c) 




function 



»v r 



function 




function.^ (^) 





' r 
• 


not a. (i,) 
function r 


not a function 














^^^^^^^^^^^^^ d 


> 




* • 
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. Cteap^ the^Wered fairs giveii below, state the domain and range, and tell 
\— , '^'^ relation ia-'-a function.". - ' " ' ' ^ . 

' Example: ((0,p), (1,2), (^,hy>' i3,§)) ., ^" 



1 

• Cf 



3 



/ * • 

i ^ 3 ' W 



(a) -{(1,2), (-1,2), (-2,!^), .X2,!^)} 

domain, {-1, 1, -2, 2) 
Zrafffee (2, If) 
relatic^^ a function 

(b) /{(l,3), (1,-3), (-3,9); (3,-9))' 

domainr'"{l,3} 
^angeJ-'3, 3, -9, 
relation is not a functli 




domain (G, 1, 2, 3) 
range {0/ 2,^if,' 6) 
relation is a ^vmctidij 
(discrete) - i 



-2,1) 



.(2,!^.) 
(-1,2). -[ .(1,2), 
1 — I — H-d 



.•(3,9) 



•(1,3) 



d 

.Tl,-3) 

!• (3,r9) 



(c)- a-i,-2j. (-:k,20, i-K-e), (.1^,6)) 



1^; ' 



V 



N domain (-1, -h) ' ^ 
range (-2, 2, -6, 6)' 
relation is not a function 



-I 



40' 



3i^ 



(-i^,6) 

MM 



(-1,-2)1 



M M d 



aomain ('i>- |) 



3 7^ 



3 3 7 '7 
range {^j,' - - 5) ' 

relation is not a function 



4- 



4- fl-3A 



f2, 7^ 



1 



•(g, - If) 



(e) {(J,5), (-^5). %10), (-|ao) 

^ domain ^, 
range {5, IQ} ' 
relation is a function 



r. 
10 

• 5 



-4- 



-5- 
-10" 



A 



.\ ' 



2*V'' Seesaw Experiment ana Multiplication of Numbers 



Here the equipment, may be varied. If you have the balance support, f^ne, 
but the prism-jshaped block of wood will serve as a fulcrum gatifefactorily. 

• The Sfeesaw Experiment may be done in 'either student groups or .as a 
teacher detronstratj.on. ' ^ - ^ 

1 meter^ stick . - ' • 

1 balance' support, knife edge clatop or triangular block of wood 

1 set of wW.ghts 

* - 

. 2 pulleys, nails or rods - ... * 

1 spool of nylon thread ' 

* ^ 7 .* ; ' - ^ ^ ' ^ * 

When we- introduce the seesaw in the manner outlined in the text, ^e are- 
opening' the aoor to ^quilibriumr However, we donH feel we want to open it 
too fai*. An excellent discussion of this whole problem is found in a variety 



Stiidi^B of Mathematics , ^Volume XI (SMSG), by George Polya/ A. C. Vroinan, 
. .Inc. (Sec"^ion 2.2.5). 

Science of Mechanics , by< Ernst Nfech, Open Court (Chapter l). 

Ccnnplete Worlds of Archimedes , translation by Heath, Do^r or Great Books. 

The discussion of mult^iplicatlon could be expanded as in: First Course 
in Algebra XSMSO), Part I, Chapter 7, Yale University Press. 

* •> 

Exercise 3 * 

1.' Fill in the blanks: 

(a) The product of two positive numbers is a positive. number. 

, (b) The product of two negative numbers is a positive number. 

(c) The product of a negative and a positive number is a negative' number. 

(d) Th'e product of a real number and 0 is 0 . 

5. ^ Calculate the following: 

(a) {-^)(-h) , 2 '(f) ■i-3)i-h) ^7 ,19 

■ (b) (-|)(2)(-5) 5 (g) f-3|(-M, -7 ^ 

(cT (-|ff2)(,5) 5 \ (h) |3||-2| + (-6) 0 

(d') + (-3).(7) (i) (-3)(|-2| + (-6)) ' 12,' 

(e-y (-3) (-M + 7) ± (j), (-3\(|-2| + (-61) -24 

' (k) (-0.5).(l-l.'5| + J-i^.S)) 105 

3. Find the values of the following for x = -2, y = 3, a = . 

2(-2) + 7(3) = 17 

3(2) + ((-4)(S) +_.7(i;)) = 6 + 16 = 22 
(.2r+2(-2){-ky + (-hy = l; + 16 + 16 = 36 
(-2 + i-hjj ^ = .(-6)2 =.36 - 
(-2)2 ^^(3|-M + (.i»)|3|) + 0 = 1* 



(a) 


2x 


+ 7y 


(b) 


"3(- 


■x) + ((-i;)y + .7(-?)) 




2 

X 


+ 2(xa) + a 


U) 


(x 




(e) 


2 

X 




(f.) 


|x 


+ 2| -f (.5) (-3) - 2 



-2 + 2'| + (-5) 



(-3) + 2 



= 0 +(-5)|-l|=-5 
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2.5 Slope y - 

Ilumerousi exaTnpl.es are given in the tex'^to lead the/ student to develop a 



facility for computing slopes. 
<7 - 



Exercise k ' 



1. Which of the follpwing two ordered pairs determine a horizontal line, a 
vertical line and a 'line whxaii is neither?. J 



(a) (3,2), (5,2) 

(b) (0,0.), (7,0) 

(c) (10,4), {h\lO) 

(d) (5,6), (6,7) 

(e) (2;8), (4,8) 



horiz6ntal (f) (2,3), (2,2) . vertical 

horizontal (g)' (562,10), (562,11), vertical 

neither (h) (3,l4), (6,28) neither '*, 

neither (i) >(9,8), (9,l) vertical , 

horizontal ( j ) (0,8), (0,5) vertical 



2. 



For each of the following two ordered pairs, state the rise and the run 

5 ,rise 
^or. the lines determined by these points : 



run 



(a) (2,5), {h,8) 
(to) (3,9), (2,1) 
(c) (8.5,7), (9,9) 

) * (20,10), (25,7) 
te)i (3,3), -05,986) 




3 
2 
8 

1 ■ 

2 
0.5 

5 
983 



(f) (763J'63), (25,25) 
(s) i^, (2,9) 
(h) ts,10), (0,10) 



738 

W 
2 

0 
B 



.(i) (3.7.,12.6), (5.2,2.1) - if^ 

6/6 ' 1 



undefined' (j) (|, |), (^, ^) 



^5 ll^ 



2A 



-2.6i Ap solujb^ Value and Relation 
^4 



IS related to the 



Th'p.fu'nction we introduce whose equation is T = 10|S| 

y = |x| ^ By considering the domain ^^^^^ 



absolute^ value function whose equation is 
S > 0 w^ get 



T = lOS and develop the idea'.pf positive slope. Then c^nsid-5;^^ 
eririg the\doiiain S < 0,..we extend to negative slope by examining the graph of 
T = -lOS. \ Tvf 10|s| gives us an example with which to define function in 
the earliei sec^tion of this chapter. y = |x| , is an interesting function. 
It maps the\real numbers into the non-negative real numbers. In cbrltrast, 
the funcjtionl y ^ps^ + b, wherfe m is defined ^and f 0, maps the real numbers 
into thefreai numbers. - ' | ^ . ^ 



i! 



Exercise ^ 



Check the ordered pairs you olitaified in the scale-turns relation tp see 

if they satisfy .either T = lOS or T = -lOS. ^ 

Check^'the ordered pairs you obtained in the faces-s^ale 'relation tp^ see 

If they -satisfy either S ^ ^ F or S F . ^ '-^ 



Graph ^ach of the following. 
♦ 

(a) y = |x| 

(b) y = |-3|x 

(c) y = 5|x| 



(d) y = -2|x| 

(e) y=.3|-i|, 

(f) lyl =x 




S3:ope « Iiito<^ pt Form 



The teacher may feel additional ^exaraples are necessary and many of t^Te 
exerc ises earlier in the chapter could be utilized before* the students try 
\E3cercise 6 (fpr example,. Exercise ' , i . • * . 



4-4 
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1. CaL 



Exercise 6' 



culate the slopes of lines l^, ig/ figure belov 

using in each case the tvo points indicated on the lines • 




= undefined 



K. 



What is the slope of a horizontal^ axis? a vertical axis? 
0 ; undefine^^ 

With reference to- a set of coordinate' axes, select the point (-6,-3) and 
through this point 

(a) drav the 'line vhose slope is ^ • .What is the equation of this' line t 

(b) drav the -line through (-6,-3) vhich *. , ' 
*has a slope of zero. What is the 
equation of this line? 



(a) y.= |x + 2 

(b) ' y = -3 




Draw the 'following lines: ' * 

(a) a line through the poii^t (-1,5) with slope | , 
.(b) a line through the point (2,l) with slope - ^ . 

c » 

(c) ^ line through the point (3,4) with slope 0. ^ 

(d) a line through the, point (-3,4) with slope 2. 

(e) a line through the point (-3; -4) with slope undefined. (What type 
of line has no defined slope?) vertical 




X 



Consider the^line containing the points (l,-l) and (3,3). Is the point 
(-3^-9) on -this .line? Yes 

Hint: Determine the slope of the line containing (l,-l) and (3^3)^ then 
determine the slope of the line^ containing (1,-1) and (-3, -9). 

y 




6, -Write an equation of each of the following lines* 

♦ (a) Hne slope is ~ and the y-intercept 'iwAer" is ^27--.^^u- 

{The y-intercept nturiber is the yertical coordinate of the point 
^ . at which the line crosses the vertical axis. In this case the 

coordinates of thfe intercept »are (0,-2).) ^ 

2 ' 

^ y = -jx ~ 2 , X 

« • 
(b) The slope is ^ and the y-intercept number ^s 0« 

3 " 

(c; The slope is -2 and tWe y-intercept number is\- 



3 



- (d) The slope is -7 and the y-intercept number is -5., 

" ii . ' 

y = -7x^-5 . w 

7. What is the ,^lope of the line containing the points (0,0) and (Sj^i)? 
.What -is the 'y-intercept number? Write the equation of the line. 

8. Verify that the slope of the line which contains the points (-3,2) and 

(3,-lt) is -1. , . ' . 1^ 

P „ . ' 2 - (-it) 6 , ' . • 



If (x,y) is a point ori this same line, t^he slo Htt could be written as 

m - y - ^ \ y - 9i 

m = 7 — rx or — • 

X - (-3) X - 3 

Show that both expressions for^lhe" slope, give the same equation for the ^ 
line. . . 



y - 2 y + ^ 

m =i ^ ■ - or m .= ^ 

X + 3 X - 3 

y - 2 = .m(x + 3) y ^ = m(x - 3) 



Since *m = -1 



y - 2 = -,(5c + 3) y + i+ = -(x-3) 
,y = -x-l y = -x-l 



ERJC . . 



9. 



1 

10, 



Write the equations of the line^ through the^f( 
Use the method of Problem 8.- 



following 



pairs Qf points. 



(a) (6,3) and (-5,2) 

(b) (5,8) and (0,-4) 
.(c) (0,-2) and (-3,-7) 

(d) (5,-2) aiid (0,6) 

(e) (-3,3) and (6,0) 

(f) (-3,3) and (-5,3) 

(g) (-3,3) -and (-3,5) 

(h) .{k,2) and (-3,1) 



Graph each of the following: 

, K " 
y = + 8 

y=-|x-12 



(a) 
(b) 

(c) 3x + ky 



16 



m = |; y=ix+3 

m = f ; y = §x-2 

8 -|x.6 

5 



m = - 



m 



y 

^ y 
m = 0 ; ^ y = 3 
m is undefined; x 

y 



^3 



1 

m = Y ; 



1 10 



(d) y 

(e) ^y 

'(f)' y 



'|x-3! 

'2tx - l| + it 



(a) 



Sample Test Items 

Which of-the graphs of the relations shown below are graphs of functions? 




2. Graph the« ordered ^^rs given below, state the domain and range and tell 
if the relation is a function. » • V ' * 



(a) {(1,2); (3,5), (5,8), (-2,-3)3 
M {(-1,-2), (0,0), (-1,2);#$,4)3 



Calculate the following: 

.(a) (-3){-|)(5) 
(b) (-2) (-6) + (-3) 
(cj '(-5) (-2) + 8 



i 

V . 



(d) 1^||-3| %(--5).- . t 

(e) r-2)|-5| +10 , (. 

(f) (-1.5) (12.5|-+|'-1-5|) 



4. Fina the values of the following .for x = -1, y = 2 



7 




(^LJ^ * 3| + |y - 3|. 



(d) (x + y) 



2* 



50 



CalcivLate the slopes of linef* ^ and ^ using the two ♦points 



indicated on- the lines. 
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Draw the following lines: 

(a) a line through the point (0,0) with slope - . 

* 2 

(bj* a line through the point (5,-7) with slope - / 

(c) a line through the point (0,9) with slope - . 

(d) a line through the point (l,5) with slope ?• 



Write an equation of eagh of the following lines. 



(a) the slope is ^ and the y-intercept is 1. 

(b) the slope is - ^ and the y-intercept ils - 

(c) the slope is -3 and the y-lnre^cept is -5. 



Answers to Sang)le Test Items 



1. (a) a function 

' (b) not a function 

(c) a fuhction 

2. (a) 



Eff 



(d) not a function 

(e) not a functiari 




domain [-2, 1, 3, 5} 
range {-3, 2, % 8} 
a function 



djjmain (-1, cT, -2} 
range {-2, 0, 2, k) 
not a function 



(a) 5 

(b) 9 
(o) -30 



(d)__7 
.(e) 0 
(f) -6.0 



(a) 7 

(b) 3 



(c) 5 

(d) 1 



5- 
6. 



1 • 



V= 7 ' 



2 : "2 



-1 ; 



n>3 = 2 
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7. (a) y ^ |x + 1 



(b) y =-|x +1 



<c) y = -3x - 5 



h6 
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. . . ^Chapter 3 ' 

THE FALLING SPHERE • ^ 

« 

■\ , 

3*1 The Falling Sphere 

* J. 
This experiment should be performed by groups of three or four students • 
The equipment needed by each group performing the experiment is as follows: 

1, glass cylinder or jar at least 8 inches high / 
1^ steel ball ^ring, about ^-inch in diameter ' ' ^ ^ ' 

1 small^ horseshoe magnet 
1 ruler with metric scale 
%,2 rubber bands (small) r ' 

In addition you will need Karo Syrup (white) to fill each cylinder, a 
metronane or some other audible timer, and a supply of paper strips, 
about 1" X 10" - ^ ' ' ' 

/ 

The purpose of this chapter is to review and extend^,€ome of the concepts- 
of linear functions which were introduced in Chapter's*.. .The student will en- 
counter th^ experimental situations from which' the mathematics will arise. 
That is, he must do the experiment himself, measure the things which change, 
record "the data in an orderly fashion, and' exanain^ it critically for whatever 
general relation it shows. ■ ' ^ \. ^ 

This experiment, as well as 'all others in this text, were performed by 
mei^bers of the writing team. You, as teachers^, will be gijverl' th^ results of 
these experiments and that data we have collected. The student should be ex- 
pelted to find his own data and make his own analysis of it. With this method 
the results of each team of students may be different, but if their work is 
done carefully, the differences sl}ould not be too great. Even though these 
differences -exist, the real need for graphing the data collected, ,and examin- 
ing the graphs for 'definite relations, functions and etjuations should be 
apparent, 

W^suggest that a standard dat. F'.eet^fee* used for Hi experiments t 
(Figure l) . ilf possible, a supply .of these data sheets should be dittoed for 
the use' of your students during this course, ' In some' of th later experiments * 
we refer t6 the data and graphs of experiments already performed. If the data 
Sheets ancl/^raphs are kept in some form of folder pr punched for insertion in 
a ring-binder it will be easy to find -the appro|)fiate page when'«uch a reference 
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3 .2 2ie Falling Sphere , * ^ - 

Ii^ performing this experiment and all others, the students should follow ^ 
directions carefully,, Mana times the reasons for some directions become appar- 
lent as the expei^ent is perfoiiaed. If you make a few trials of each experiment 
"before the f)articular section is reached you will most likely "be able to expand 
the directions and ease^ tHe students .over seme of 1:He more difficult portions. 

This experiment is an investigation of teipiinal velocity v However, ^ 
only after the data has "been graphed and analyzed is the idea of velocity in- 
troduced;* ^ 

\* ... , ^ 

The Falling, Sphere is actually a small steel ^tall "bearing. When this 
iDearing is dropped into a cylinder of Karo Syrup it reaches terminal velQc|^y 
after a fall of a few millimeters and then continues wltfi a constant velocity. 

It would "be advantageous to prepare a teacher danonstration to s'how how 
the factors mentioned in the text will influence the ^peed of the Wl and why' 
we must carefully control certain factors in performing an experiment, ^ 

(1) Cylinders (all the s,ame size and shape) can he filled with various 
fluids, water, glycerine, a light oil, and Karo Syrup, Dropping ,4 > 
hall '•hearings (all the same size) into each container^ should lead~ / 
the students to reach -conclusions as to the effect of the fluid on 
the velocity. . ^ 

(2) Dropping ball "bearings of different sizes^to the same container 
filled with Karo Syrtfp will show 'the 'effect of .the size of the 
"sphere" J on the-^speed, . 

(c) 'cylinders or jars with different size openings can he used to show^ 

the effect of the type of container on' the terminal velociti[.i The '^ 
cylinders should he "filled with the same type of fluid (pref^ratly 
the Karo Syrup) and the same si^e hearing used as falling spheres. 




Thg effect of the diameter of the container will be'Very small 
> ^if there is any no ti (feeble effect at all, 

. " (k) As an enterprising teacher, yon will pipbably also want to ftenjpn- 
. ' i strate with a genuine pearl dropped in Prell Shampoo, ' 

The stud'ent experiment should be perfomed' with the same container and 
•the same ball bearing for all trials. The fluid used should be white Kar^ 
Syrup. ^Four trials will be needed to provide the necessary data. 

Affix a thin paper tap^ to the cylinder with two rubber bands (or tape), 
teill the cylinder with Karo Syrup. Drop a small steel bail bearing into the , 
fluid close enough to the tape to make fairly accurate m^rks*. on the tape at 
regulaV intervals. A small horseshoe magnet placed against the outside wall 
of the container will attract the bearing to the inside wall. and allow you to 
position th^ bearing so that it will fall along one side of the tape. 

A metronom.e is a convenient devisee for marfcing the equal time inteijvals . 
It may be helpful to adjust the metronome so that it makes a "clicking" sound 
every second and then mark the position of the ball fo^oevery other "click". 
After a few trials you will adjust to the jbeat of the metronane and be able 
to mark the position of tlie bearing quite accurately. The students, should make 
a few practice trials to develop th^ necessary techniques. The magnet is u^e^ 
to^retrieve the ball bearing after it has ccme to rest on the bottoiEl of the A 
cylinder. The tape for each trial must be saved for use in the next section, 
of IJhe text. ' . ' ^ /. 

r 

Should a metronome be difficult to obtain, it may be possible to borrow 
one for a shorty tjLme. Make a tape recording of the metronome pounding at the 
correct intervals. This tape can be placed loudly enough for the use of the 
entire class. , , ^ . h i 



3*3 Tabulating Data 

^ — -.^^ , ^ ^, . ^ ^ ^ -.^^ ^ . . 

The tapes obtained from the four trials must now be measured .^^ach tape 
in turn sjiould be fastened to the centimeter rule. The zero 'mark 'c35r the tape 
should coincide with a centimeter mark on the Iniier (Figure 2 in students' 
text)# Measure, the distance from the zero mark to each mark on the tape. 
Since these distances are to be platted on the coordinate plane, accuracy 
is important* Ih.e data collected' by. the wjrp.^ting team is recorded in Figure 2. 



'ijl^ 'BAIMm SPHERE EXPERIMENT 



V 1 

Time ^ 
t 

(seconds; 


\ Trial ^ 
\ Distance 

\ ^ 
(millimeters) 


Trial 2 
Dis"fance 
d 

(millimeters) 


'Trial 3 
distance 
d. 

(millimeters) 


Trial *+ 
Distance 
d 

(millimeters ) 




0 






0 
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5-5 \ 
11.5 


6.5 
13.5 


6.5 
12.0 


6.5 ^ 
15.5 ' 
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21-0 ^ 
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23.0 f 
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'^,27.5 


.27.0 


30.0 




10 


35.0 




3i+.o 


37.5 




* 12 


i^3.5. 


h2 .0 


. U0.5 


!t5.0 




Ik 


50.5 






■6 




16' 


56.0 


57.0 ^ ^ 


" 59.0 




l8 


62.5^ 


65.5 
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61.5 


67.0 
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Figure 2 
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3.U Analysis of Data * ' 

This section is a genera-l one dealing vith the handling of experimental 
data. The students should "be made to realize they must check th^ dcmiain and 
range of their relations "before ^ett^ng the scales of the coordinate aies. 
Uie axes do not hal^e to have the ^bme scales. Foij^ example, if ye were to 
graph the data recorded in the exp^eriment on the Ibaded team, the load varied 
from O,^gra]^_to 30Q.^rams while tUe position of the end of >he "Beam changed 
about 30 or hO centimeters. ' If we were tg graph this data, the scale on the^ " 
horizontal axes would go from 0 to 300 while the scale on the ver^icdj. »axis 
would go.ff^ 0 at ho load to the ^deflection' at maximicn load. 

By connecting points the student is inferring physical continuity. He 
is "beginning to develop 'the physical model, tut thJ^ does not imply any math- , - 
ematical continuity. 'The decision on whether an experinflnt could yield inter- 
medicate points must be ^tased on phenomena being studied.^ It would' be desir- 
able for the, teacher to mention a few examples of , discontinuous physical^ > 
situations. For example, there is a maxirtium height Xihich a ball bounceS.. 
If the height of bounce is related to the corresponding bounce ntimber, physi^cdl 



continuity cannot be'*Unf erred. The graph is a set of distinct point^^ich' 
cannot be connected; for height 'cannot be jJnferi^ed for parts o^ bounces. 
Half bounces cannot be assooi|ited with a maximum height. 



3*5 Graphing the E?cperimental Data 



Obtaininjg the "best straight line"' involves making the assumption that 

there exists a line ^hich best fits the data. Often it will not l^e too diffi- 

< 

cult to obtain a line which will satisfy the student. Do not put too much 
stress qn this now.- The student will soon have practice^ and he should learn 
quicklyv This line is an idealization of the graph of the physical data. 
This* idealization does no,t represent any possible physical situation. It is 
purely an abstraction- , • ^ ^• 

^ ^ The slope can now be determined by the stud'eni^. This sl<3pe will have a 
. speoial significance.^ Note tha^ tUe vertical^istance is a measure of the 
^^^^^ of "the ttall ^bearing; and the horizontal dlll§nce*ig a measure .of the"^ 
corresponding inf^erval of time. Therefore, the^ slope becomes * 

. measure of' clistance ^ / ' • 

^ ^ ♦ ^ ^ measure ^of time . . * . * ' ^ '.i 

*o,rV distance per unit of time, which is* velocity. ■ 

Since the data graphed detemines a ^^ratght line, the velocity of the 
tailing ball bearing is constant. This subs'tantiates the statoaent that 
terminal ^velocity had been reached by tthe time' of the initial reading. * 

\r , ' . . , • 

Figure 3 is the graph-of, the data recorded in Figfilre-a. 



' ' ; The appendix to -this text ^ives.a method for finding the "best fitting 
liixe" known as 'the "method of least 'squares". 'This method is probably' too 
difficult to present to students '"j^ will be helpful to you as a teacher.,. 

Exercis e 1 

. ^. " 3 ' ' ^ i 

The purpose o^ the first two problems in this Nereis e is to give alternate 
ways to find the best straight line ,from the data already collect^. Since the 
data collected by different groups of. students should vary there will be no 
standard solution for either problei^. The teacher should, however, 'discuss Ihe 
problens in detail to reinforce the students understanding of a' "best straight 
line" and techniques of handling experimental data by taking averages . 

Reproduce the "best straight line" you have drawn to represent the data\ 
6T this experiment on a cl'ean sheet of coordinate paper. Take the four 
pieces of paper tape use<|, to mark the position of the ball and arrange 
them so that the zero marks are in IJne. On a clean fifth tape make a 
mark to indicate "zero" position an^ align this mark with the other 
zero^niarks . 



1. 



o 

■p 



'i 1.0 





1 1 r 1 1 1 1 t 






0 


' t 
( 


1 


/ 

\ 
1 


f \ 

X 1 
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New tape 



Four 
data 
tapes 



\ 



The "other marks on your tapes will not .be "in line", but should tend to 
center in groups. Make a mark on r the clean tape to , indicate yoxxr "guess" 
as to the position which b^st represents* each vertical set of marks. Us'- 
* '^ng the fiftl^ tape as if it wer)e a new trial, mark your measur^ents in * 
, the usual way, eftter the data. 441' your tal?le, and ^aph the ordered pairs. 
.^J_.^,^^^® points come closer to 'forming a straight line tli^n any'of your 
four trial runs? How doe's this line compare with the "guess" you mkde 
frcan J:he "braid" arra^^em^^n^? ' * ^ , * . ' ^ 

From the data of your four trials find^the average distance tiw^iedP^by^---j 
' the' ball in each time interval/ To'^do this , add the distance each row of^ 
tlie trials ^in Table 1 and divide 'by the ntimber of trials. Make a n^ 
column in your table, "Average Distahce (mm)", and now plot average dis- 
tance versus time on the same sheet of coordinate paper used for Problon .1 
How close do these points dome to forming a straight line? You now have 
thiree. lines on this sheet of coordinate paper. The first is the "best 
straight line" from your original data, the, second is the line obtained ' 
in Problan 1, and the third line is the one obtained by t^e process of 



53 



'J 



raglng> How do these three lines .compare? 

Draw the first quadraut using a scale of 1 second for each horizontal 



Dray a line 

which passes through .the origin and has a slope of Imnr/sec; 2mm/ sec; 



division and 1 ynillilneter. f&r each vertical division, 
which passes through .the origin s 
a3jd 3 mm/sec. Label these lines. 




Repeat the above exercise' with a horizontal scatj^of , 1 second per' divi- 
sion; but with a vertical scale. of 0.5 milliJneter per division. .Are the 
two slop*es/the same? ' / ' ' ^ , / 

^The slopes in Problem 3 ' \ 
^ and Problem h are the 
same because slope is 
\defined by 



m\ 




vertical distance 
horizontal distarice 

Hence^ the slope of 

both cases Is ; 



Draw a fourth quadrant on a sh^et of coordinate paper* Use the same 
horizontalScale (in seconds) that you used to represent the data from 
the Falling Sphere Experiment. Make a negative di&tance scale^(in 
millimeters) along the^ vertical axis. Note* that this was the orienta- 
tion of ydur scale wheti you perfomed the experiment. Plot the time- 
distance data from your experiment C)n 'this sheet and draw the "b^st" \ 
line. Calculate the^lope. What is the. significance of a negative 
velocity? 



Table ^ for No. 5 
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The .slope is m = -3«6., 
The velocity is in a 

dovnward direction. ' ' \ 

3.6 ^le Point - Slope' Form ' , ' ■ 

There are several foims .for the equation of a straight line. In this' 
section the' point- slope form is developed. This Yortn is reduced to the. slope- 
intercept fonn. ' » 

The ordered pair fox the point at which the graph of the line crosses the 
horizontal^is would* -have the fom (a,0). Now choose any sfjrbitrary p6int on" 
the Hneiiaving coordinates (x,y)f The slcrpe, m, vh^i'ch hasj been described as 



02^ . 



>^ ver-tic^' change 
horizontal change 

tion 



will be 



ten as 



n.. 



= m from which we'oblJain- the equa- 



0 = m(x - a) 
y = m(x - a)^ 



.Extend the discussion to generalize the equatipn. That is, assume the 
first point to be a general point with coordinates (c,d). Retain the second 
point as the general/ point with coordinates (x,y)., ,We have now compl^ely 
generalised tfee discussion. From, the definition of slope we have the equation 



= m 



Now the equation becomes 
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d = m(x 
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' as a 'special c 



'Mr- 

r' "wificli is ihe gi^erall point-slope fo2ji. 

Utie sect; ion concludes with the deAvation of the s lope- int ere ej 
alse of the pc^int-slope fom 

\ • 

Exerciseo 2 



< 




'1 \ , 

In Problans 1 and 2 the students vill have to 'calculate the slope,; ^ ^ 
first using tile coordinates of the two points read from' the graph. Then by 



'the use of this slope and one of the given points together with* an- arbitrary 



A 



\ 



pd^t (x,y), the equation may be written ^in the point-slope fom or^ in one of ^ 
J the g^cial forms when it applies to the particular line* For example/ for 
lin-fe ^^"itr-^^lon 1, the given points K and S have the coordinated^ (3^2) 
and (12,8) • «enc^.jgie ^loge is \ ' ^ ' 



6 



12 - 3 
2 



S 
9 



2 
3 



Using the i>oint (3,2) with,m = -j, the point-slope fom gives 



X - 3 3 



3y 



Using (12,8) 



6 = 2x 
2 



- 8 

- '12 



or 



2 



' \ 1/ - -irrite'the equations orthe linep l^, J3y- tising--the two points M 

indicated in the following grap^. , 
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' 2. 



Write the equations of the lines and ig'. 




10 12- lU 16 18 20 22 2h 



30 - 27 -3 
2U| - 19 " 5 



8 - 28 
15 - 8 



2f = f{x - 19) 



20 
7 

20/ 



28 = - ^(x - 8) 



Find the x and y intertepts for lines i^'and ig . ^ 
Do not extend jAe lines to obtain a graphical solution. Remember that 
the y- intercept is the itoint for whith x = 0, and the x-int^ertept is 
the point where y = 0. 



25 = ^(x 



y = 



1, 



y = foe + 

■5 5 



- 19) 
f ^25 
68 



28 

y 
y 



X - 8) 

, 160 



68 



if X = 0, then Y = ~ 



if X 



7^ 7. 

7 



0, then y 
> 

i^Re^er to your time-distante graph obtained in the Falling Sphere Experi- 
ment. Using a point not on the vertical axis- together with the slope, 
-f4-nd *the equation to represent the. best straight , line.. , Shov_that ."ttiis _ , 
is equivalent to the equdtion obtained using the slope- intercept foim. 
' . * The actual equation that each student derives will depend 
upon the par.ticular set of data that the student has col- ^ 
lected. Care should be taken to convince the student that 
" " "the pornt-s^ope^ ^|||fm^and-.the slop^e-lntercepjfc fom are . - ^ 
equivalent. 



--•Mil 



Bie following equations are. expressed ini point-slope foim* Solve each 
of these for y. State the siope. of the line and the y-intercept in 
each case. ' ' - ' 



= 3(-x + ^ 
y + 2 = -2{x - 3) 
y + 7 = |(x - 2) 
V - 0,5 = -^(x + 3-5) 





m « 


y"in tercepu 


y = 3x ^.l8 


3 


18 


' y = -2x + U 


-2 


k 


= |x ^ 8 


1 

■ 2 


-8 


y = -iix - 13*5 




-13.5 



6. Make a graph of the data obtained in the Loaded Beam Experiment^ fi^ 
a "best" line and obtain an equation of this line^'using the slope- ^ 
intercept form and the point- slope form^^ 

See conHnen€ made for Problem k. •* . 



3 Relations and Copvers es ' 

This section continues and extends the section on relations in 
Chapter 2, If necessary-^ you should review 2.2 before beginning this section. 
The concepts discussed in Sections 2.2^ 3*7 and 3«8 will be used in later 
work in this text and in more at^vanced work in both science and mathematics. 
Every effort should be made to see that these sections are clearly binders tood. 

/ 

Exercise 3 



thV. 



(a) 

(b) In each case form the converse relation by interchanging the first 



Graph th^ ordered pairs given below^ state the domain and range 
and t«ll if the relation is a function. 



i 



an ^^e cond elements of the ordered pairs. Graph the 'converse^ 
state the new domain and range and tell if the Converse is a 
fuijction^^' ' . . 

0 • ' \. . .\ . . ''^^ > 



&4 



6 
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2 
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3 
2 

1 



_I I I L. 



12 3 

domain: .{2) 
rangef (3,^,5) 
not a function . 



Converse 



• • • 



« I ' I XL. 



•'J- 



12 3^5 

(2} •• 
.function 



, ^ h 
"PJ - » 



2.. 



14= {{$^^-(6,3x,^f?:s^} _ 

(conve?i'eT= ((^'V), (3,6), '{3,1)) , 
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f domain: 
range.A^ (5,6,7) 
,^.t ^a^ fu9at^9n 



8 ' 



-/ 
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6 



{;(3,6)^ (3,-2), (4,-2)} 
(converse) = ((6,3), (-2,3), (-2,if)} 



•2 0 



« » 1 I I I fc- 



ran^ef (-2; 6) 
not a function 



-2 0 
-2 



(-2,6) 

not a function 



P = ((-1,-3), (-2,-5), (-3,-7)) 
^i^converse) = {(-3,-1), (-5,-2), 



-6 -h S 
-I — I — I — r — I — I — I — r- 



domain: f-1,-2,-3) 
range: * (-3,-5,-7) 
functi6n 



-6 A 



n — I — c — r^-~r 



(-3,.-5,-2}\ 
(-1,-2,-3) • 
. function 



Y,,Au„m,YY.j,uiiu -11.11 . I.L . 



.3-8 Inverse Functions ♦ ' 

The definition of a funtjti^n ih the text tells ^vhen a given relation 
is a function* The graphical methods given for telling this may prove most 
us,eful at this point. • • 



3N 



jise^ 



^Exercise h * ^ 

1. Refer to Exercisp ^ in Chapter 5^. For each of the graphs, check to see 
if the converse of the relation shown is a :Ainct^oni Are any of these 
relations one-to-one functions? c 



Problem 1 

(a) converse is not 
a function 




(d) converse is not 
a function 



(g) ^converse '^is not 




(b). converse is a 
function 




(e) converse is not 
a function 




(h) converse is a 
-,fupction 



(c) converse is not 
a function 



r 








« 





(f) converse is 
^ function 




None of these relatiorfe^is a one-to-one function. 
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Problem 2 , 
-V M 



(a) {(1,2), (-l^S)/(-2A)l (2,1^))' i 
Converse is not -a fi|nction 

(b) {(1,3), (1,-3), (3,9)\ (6,-9)} : ' 
. (Jonverse iS' a function ^ 

(c) a-1,-2), (-1,2), (-1^,-6), (-1^,6)) - 

• ( ' i ■ 

Converse is a function 

(d) - {(i J), (i -|), i^/l), 

i • * 

Conv^se is a function * . 

(e) . {(|,5), (|,1P), i-^AO)) . 

Converse is not a function 
' None of these ri^lations is a one-to-one 'function. ^ j^: 

2^ In the Falling Sphere Experiment^ the data in^ the table foims a relar' 




tion. 

(a) What are the (Jomain and the 'range of this relation? 



'I 



The domain is the set of time values and the range is the 
* set of distance- values . ? 
•(b) Is this relation a function? T ' • * 

Yes. , ^ ' . 

3. Does the "b^st s'traight line" describe a function? 

h. Arp the domain and range of the *'best straight line" relation the same 
as the domain and range of the' "data relation"? Ejcplain. 

Not necessarily^ sinqe the "data relation" is a discrete 
' -^^ ^^'Velation and the "best ^straight line" is a continuous rer"* 
lation. / 

^5. "Are the domain and range of the equation found to repines en t ^^ the "b est 

str^ight^ line" .the ^same as the domain and i*knge of the best straight 

line relation? . ' ^ \ 

S ' \ ' ^ * 

The domain of the graph is a subsetxof. tHie s^t of positive. ' 

real numbers, .while the domain of The\linear equation is ► 'V 

$ the se-t. of all, real numbers. 




6. In the Falling Sphere Experiment we ohtained the. equation d = mt. 

•'.v ' • ' ' ' * ' - 

01)tain the converse relation "by algehraic means. 

^' . < ' ' • 

f ' f = where is the new danain and t is the new range, 
m 

^ow might we have conducted the exp^iment to give the converse rela- 
tion directly? 

Pick distances along "the container and^ with a stopwatch^ 
J- , see how long it takes the falling sphere to travel that 

distance. «^ 

?• Is the converse relation obtained in the preceding exercise an inverse 
function? Explain. . •* » , 

. Yes; every distance is traveled in exactly one time and 

every time has associated with it exactly one distance. 

/ " V - 

itJ'P Graphical Translation of Coordinate Axes • 

Translating axes "by the use, of the sheet of frosted acetate (or other 
substitutes is; not difficult and will often help the student to simplify 
the equation of the line and the orientation o'f the graph We wi'l?'also use 
t;ranslation of axes -in later experiments which will yield quadratic functions . 
If the acetate sheets are used> the teacher should draw ^ set of coordinate 
axes in the middle of each sheet.' Use a heavy "ball-point pen. Do not write 
any numher or scales on the 'sheet. Students will write "on these witti ^ pen- 
cil sinc^e they can then "be easily erased. * • * ' 

While it is possihle to position, the new axes in any manner whatsoever^ 
(i.e. 3 they can "be translated and-rota^^^ translation h9rizontally and ver- 
tically will "bei^ffict^nt for our purposes. 

t. ' * - 

The amountfand direction of translation may he purely arbitrary "but wh^ 
we^use this on graphs "based on science experiments the physical situation \ 
usually suggests a "natural" location /or the new axes . • « 

. . . ^ 

' ' E»ercise 5 > 

i 

1. With reference to a set 'of coordinate axes ^ select the point {2, Si and 

' ^ 1 ^ * 

through this point draw the line whose slope is--^. ^ 

What is the equation of this l^ne? 



Use your plastic overlay to' obtain the new equation of "this lin^ vhen 
the origin is shifted: 



(a) to the left 3 units 

\\ < * . 

' y - 3"^|a^ - 2 + r-3] ) 

y - 3 = |(x - 5) 
(c) ^ units upward 

y - 3 + ^ = J{x - 2)- 

, • y + 1 = |(x - 2) 

(e) ,1 to the left 3 units and 
up.^ uiiits 

y - 3 + ^ = |{x - 2 - 3) 
y + 1 = i{x - 5) 



(b) to the right 3 units 
y 'r^^\ -2 + 3) 
y - 3 = |(x + 1) 

(d)- ^ uiiits downward 



y 
y 



3-^=.i(x-|) 



7 =|{x 



2) 



(f) to the left 3 units .and 
down ^ units 



i 



y - 7 - = ^(x - 2 - 3) 
y - 13 = |(x - 5) 



With reference to a set of coordinate axes, draw the line vhich pass'es 

throu^ the points (l,7) and (7^5) • What is the equation of this line? 

1 . ■ - 

3 • . ' 



1 - 7 



2 



X - 1 3 



or 



•X -7 

y - 7 = - l?****^ J[»sr 5 = 

Use your plastic overlay to obtain the new equation of this line when 
the origin is shifted: . . ^ * 



i{x - 7) 



(a)^ to the x-intercept 



0 * 



let y = 0 

* ^ 3 



-21 = -X + 1 
X =^2 ' ^ 



(b) to the y-intercept 
let X = 0 

. y - 7 = - kO'^ 1) 



1 = - kx - 1 + 22) 



y- - 7 5 - •^{x + 21) 

y - 7- = - -jx - 7 
1 

, . y = - 3X 



(y.7-P)=-i(x- 



1) 




•1 



•A 



3«10 ^ Algebraic Translation of Coordynater Axes ^ ^ , * 

This section is purely a mathematical discussion of translation *of the 
- axes. Except for the better students ^ you should not expect your class to 
feaster this subject. 'Some of than may "discover" the algebraic procedure ;^ll,e 
doing the graphi6al translation. Graphical translation (Section 3*9) is the 
section to be stressed in the study of translation for this grade level. You ^ 
may feel^ however, 'that more drill similar to Exercised will be needed. All 
you will need to provide this drill is to give the class equations of the sort 
3x - 2y - 7 and ♦ask them to translate the origin to various points like the 
y-intercept, the point (5^^) or (0,6)^ and so on. 

' To translate the axes. of this Equation to the point (5^^) write it in 
. tlie form * ' ' * * 

' _ 3 ' 1 - 

or • y - o = |(x + (^)) . 

It is now in the point- slope form and 

Y + (0) + K = m + (-|)'+ h^ 



wtiere h and K are 5 and k respectively. .This becanes' 



^ Y + p + 1^ = I (x + (- |) + 5) 



*or Y = 



Since the point (5,^+) is on the line, you would expect to get equations in 
the form 

' . ^ * • Y = mX . 

If, on the other hand, you want to translate to the i)oint i^j-h), it is 

done in this manner: o / ■ rr \ 

Y + (0) + (-!^) = I (X + (- + 5) 

Y =1 (K+|) 

Y - =1 (X) + if 
' ■ Y = |x + 8 . ' 

^5 • 'V.i 



■Exercise 6 



Ref e^' to Exercise 5 for the algebraio solutions askjed for in Exercise 6. 

' Sample Test Items i 

Write' the equations of the lines and ly using the tvo points 

indicated ip each case* * ' - 



5: 




10 12 lU ■Ld'si'- 18 



The following -equations are expressed in point-slope form.- S^J*-e each 
of these for y. State the slope of the line and the y-intercept in 
each. case. , 

(a) y - 9 = 6(55 + 7) 

(b) y + ^^ = -3(x - 5) » " 



(c) y + 3 = |(x - 8) 

(d) y + ■1.5'= -2(x - ^^•.5) 



(a) Graph the ordered pairs given below, state the donscin 'and' range 
*and tell if the relation is a I\irictfLon/ • * 
Pom the converse relation. Graph the poi^verse, •state the n'<$w' 
dan^in 'and. range and tell if the converse is a function, - 

.{(5,-5), (2,3), (0,0), (2,<3), (5,5)r • 



Converse of a linear function Is a linear function. If y j=, mx is -the 
equation of the origilfel function, then y-= |x is the equation of the 
converse. What conclusion can you draw about the graphs of a linear 
function and its converse?. 

The graphs of various relations are sketched below. For each graph: 

(i) Is the relation a function? 

(ii) Is the converse relation a function? 

(iii) Does the relation and its converse foiro a one-to-one function? 
(a) '(b)' 




■(c) . -^ i 





With reference to a set of coordinate axes, select the point (2,3) 

' 3 

and through this point draw the line whose, slope is g. 

(a) What' is the .equatioi^' of this line? 
* (b)- Use your plastic overlay to obtain the new equation of this 
line when the origin is shifted ^ 
fi) to the left 3 units ^ _ > 

(ii) 2 units downward ' , . ^ 

(iii) 3 units to the left and 2 units downward. 



Wrj^te the equation of the line vhich'passes through the point^ {3,2) 
mdi (7}k) in poirvt-slope form. Obtain the equation of this line 
Algebraically wheiuthe origin has been translated . 

(a) to the right k units 
*.(b) to the left 3 units and ^P*^ units* 



fens vers to Sample Test iJtans 





1 - 


10 


-9 




' 10 - 


- 1 


9 


y - 


10 = 


-l(x 


- 1) 


y - 


10 = 


-X + 


1 




y = 


-X + 


11 




1 


7 




y = 




t: 




y = 

0 


8 


8 




= 6x 


+ 51 







{ 



(b) y = -3x + 11 

(c) y = |x - 15 

(d) y = -2x+T.5 

(a) ■ . ' 



m = 6 (0,51) 
m = -3'V (0,11)^ 
m = I ; (0,-15) 
m = -2 ; (0,7-5) 



Jj I I I i_ 



1 

(b) 



* * 1 I L_ 



dcMain {O, 2, ^0 
range {-5, -3, 0, 3, 5) 
relation is not% a function 



danain (-5^ -3, 0, 3, 5) 
range . {0, 2, 5) " « 
converse is* a function 



The slope of the converse of the linear function is the reciprocal of 
the slope of the original function. The product of the slope of the 
original function and its converse is QXiis'. " 

Rela'tion is not a function. ' ' 

Converse is a function. 

Relation and converse do not form one-to-one functions . 

("b) Relation is a function. 

Converse is not a function. 

Relation and converse do not fohn one-to.-one functions. 

(c) "Relation is not a function. 

Converse is not a function. ' 

Relation and converse do not form one-to-one functions - 



(d) Relation is a function. 

Converse is not a function. 

Relation and converse are one-to-one functions . 

SXjuation of 'line 
3 



Slope = 



y 

(i) 

(ii) 

(iii.) 



3 = f(x.-2) 



Y - 3 

Y - 3 

' Y 

Y 

- 2 



f(x ^ 2 - 3) 



3/2 



5) 

5) 

= |(x -'5) 



|(x 



5 = |(x - 5) 



Equation 

(a)" y 7 2 = i(x - 3) 



(b) 



2 = |(x - 3 + 1^) 



y - 
y - 

y •- 2 + 2 

y 



2 = f ( X + 1) 
i(x - 3) 



|{x - 6) 



3 - 3) 



.;eric 



( 
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. AN EXPERIMENTAL APPROACH TO NONLINJAR FUNCTIONS 



r 



^.1 Introduction 



The treatment of nonlinear^ functiops follows naturally from the linear"" 
functions introduced in the preceding chapter. Ihe work in this chapter -as- 
sumes the development of linear functions as a> prerequisite. 

The first experiment in this chapter, the Wick Experiment, is designed 
tqg^ield a definite nonlinear graph, and thus lead to a discussion of a "best 
curve" rather than a "best straight line". , ^ 

In the second experiment, the Horizontal Metronome, the variables are 
selected so that they yield the quadratic form * 



y ~ Ax^+^C . 

This l^ads naturally into a consi'deratiofi of tiie role played by (jfiie constants 
A andi C. Both th,e rate of opening of th^ parabola and veHical translation 
ar^ studied graphically. ^ ' ' ' - ' 

In the tjird experiment of the chapteT, the Oscillating Spring, the con-" 
« verse of the quadratic function is actually generated by the .^experiment . From 
this there follows* a discussion of relations and their converses. Again the 
enipha^s is on a graphical analysis and the development cTf the students' intui 
tive feel for functions. The last section of the chapter considers the hori- 
•^ontal translatieil of 'the parabola. . \ 

■ -V . ' 

As in the earlier chapters^ of this text, the experiments are designed to 

V - 

motivate the students in* a natural way toward the mathematical development. 



4.2 l^e . Wick ' W . 

Since this expeiCmenl^ is ^he initial on^ in nonlinear relations, it 
should be performed in srriall groups of two or l^hree students. Ihe equipment 
heeded for each group is; 



• . 1 500-«cc beaker or dtinking glass or quart jar, etc. 

, * 1 ruler with^inetric scale ' f 

*1 wrist watch with swe^p secoaQ hand 



1 roll of cellophane tape 

supply of strips of chromatography paper, approximately 
15 cm long (1^ or 5 for/ each group) i 



Tiiis experiment is designed to yield a, definite nonlinear graph. The 
next tvo experiments give only a small portion of the curve and it is neces- 
sary to analyze the physical situation to idealize that the data points '^should 
be connected by a curve ratlier than a straight line (Figure 1, (a) and ). 















f 










if 






/ ^ 




/ 













(a ) The Wick ^Experiment 




The Horizontal Metronome 



The experimental setup is quite simple- (Figure 2). The student's should 
^make tvo or three practice trials to develop the ability to place the wick 
into the water so that the zero mark is right at the surface* of the water. 
One student should watoh the water move up 1?tres^wick and tell his ^artper as 
the water reaches eaph numbered point. The partner should record the time 



lS4 




g4re' : 



FigTlre'2 " * , . 

/ the wick is placed in the water and tUe tiine the water reaches each point. 
The students should alternate these roles for ^ach trial. ^ 
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if. 3' '®je Physical * Moi^el 



.After the students have completed the plotting of the points represented 
by the distance -time relation, it is necessary to get some sort of line or 
curye^ f or the data.; It is immediately obviou^ that no straight line can fit 
the daia, and the roost realistic physical model is a smooth curve throu^ or 
, near the points. This besi curve, through or near the points, represents a 
kind of physij^al idealization of the data. MDreover, physical continuity is 
^assumed; that is, there would be a time fo? any pre -selected distance one 
■Would care to use. It is to be emphasized thdt at this point no math&tical 
idealization, of the^data has been made. 

As compared to "the procedure of drawing the best straight line through 
or near the ^f)oints in the case of a linear function, the best curve through 
OCT near the^^oints •ir; the pfesent case Ijas an added feature. The ideal curve 
Should be a smooth one. The. smoothness criterion stems only from our physical 
intuition concerning the bje^iavior of the variables in thd experiment. . It will 
be found later that the best mathematical .model of -the relation involved is 
also a smooth curve. ^ / 



k.k Mathematical Model 

— — ^ 

Once a smooth curve has been drawn, the student has the problem of finding 
a mathematical relation between distance and time^. Exercise 1, which follows 
this 'section, is a very important set of problems. > In these problems the stu- 
dent wiii see how some operation on one .of the variables in a nonlinear rela- , 
tion may yield new ordered pairs which are linearly related. 

Exercise 1 

/ « ^ 

Each, of the following problems consists of a set of ordered pa^rs of the form 

(x/y).. • • , 

, (a) Graph each set of ordered pairs.. (Check the domain and range before 
- settiiK scales on the x- and y-'axes . ) • . ^ 
Draw I smooth curve through the;points. 

(c) Form' a net/ set of ordered pairs f ollowing^he instructions given with 
each problem. (Problem 1 is partially conqoleted as an'example. ) ^ 

(d) Graph this ney set of ordei^ed pairs on a new sheet of graph paper. 

(e) In each qase, part (d) should yield a straight line; find the equation 
of this .line using the methods of Chapter 3. 
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{(0,0), (i, J)', (l,l),.(2,!f), •■(3,9), (lf,l6), .(5,25)} 




2 

Form ordered pairs of the form ,y). 

{.(0,0), (J, ^), (-1,1), 

,(^,9), (I6,l6), (25,25)} 




'5 10, 15 20 25 



t(l,0), (2,6^ (3,16), (!^,30), (5,1^8), (6,70)} 




Pbrni ordered pairs of the form {yi ,y). 

{(1,0), {i^,6), (9,16), (I6i30), ^ 
f{2^,h8), (36,76)} . 



50 

40 
30 
20 
10 



6-0' t 6 ■ 
'" = ir:i- 3=..2• 
' y - 0 =-2(u-l) 




5" • 'lo- .15 '20 25 • 30 



((0,1), .(1,1^), (2,5), (3,1^),, ('^,33)} 




0 , ' 

Fbrm ordered pairs of the form (x'^,y). 

((0,1), (l,l|), (8,5j, (27,1)*|), 
• (64,33)} 



.y 

30 

20 
10 



- - 1 

= y-0 - 2 

y-1 = |(u-0)' 




10 20 30 1»0 50 60 



{(0,3)^^(1,4), (4,5), (9,6)^(16,7), (25,8)} 




Form ordeffed pairs of the form (vSc,y). 

{(0,3), (1,4), /2,5), (3,6), 
(4,7), (5,8)} 
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5. {(30,1), (15,2), (10,3), .(6,5), (3,10), (2,15), (1/30)) 



30 
25 
CO 
15 
10 



10 



15 20 25 30 



Form ordered pairs of the form (-,yX 
{(^,1), (33,2), (^,i),^(J,5),^ 
(1,10), (|,15>, (1,30)}J" ' . 




* 4 

Using the set of ordered pairs (d,t) you obtained from the Wick Experiment 
form and graph the ordered pairs: 

The graph of each will depend 
upon the particular set of data- 
that the student collected. 



(a) (d%t) 

(b) (d^t^) 

(c) (d3,tr 



Which of these giv^s data which Is closest to a straight line? 
.The plot of (d^,t) ordere^j;ia4i^e--BiQUl^^ approximate the 

^raph of a straight lifie 




s 



'If, 5 ^e HoVtzbntal Metronome Experiment ' * 

•mis experiment should be performed in groups of h or'5 students^ ' The 
equipment needed for each group is: ^ , 

1 high->speed hacksaw blade (molybdenum steel) 
1 one-pound square of plunjer' s lead or solder 



o . 1 clatnp j"^ase vlse^^ 2-inch wide, jaws «» * , ' ' ' * S \» 

1 vrist watch with ~*sweep* second* hand (stop;iatch if 'l'available) 1 . , 
' \ ' . ^ ^ - (> ^ . 

' A vibrating elSstic rod is "used' as th^ intrQd\|cto3ry experiment to quad- 
ratic relations. Any nass which is a.cted up^n t)^ & forte proportional to its * 

displacement will execute simple oscillatory motioiu. In this experiment, the 

. ^ -^^ . '"^ ' ■ 

lead" mass is cavteed to move by the elastic forc&s oJft'thd rod. The studeatr' 

^ text calls for a. stopwatch to measure the period,^ X stopwatch is con'^^^ient 

t : . ' <^ ' . • ' ' 

Tjut It is also possible to mOTce the time measurements with the sweep l^^econd 

*hand of a ^wristwatch . The students may question thef validity of, timing many 

oscillations and dividing by the number^ of 9Scillations to get the period. - - 

'It ^y be woiiihvhile to try this method for 10, 20 and 50 oscillations- showing 

the period is the same for each Case. This should makj©^ the met'hod described 

in the student text seem rearonabl6«f^ ;* ' ; 

\ m '4^ ' - ' ' /- 

As with most oscillating systems; period is slightly dependent 

/ ^ ' ^ .' ^ >' 

the amplitude for vibrations ,of large aiiiplitude. The mass slioul^ be pulled 
aside Just enough to ensure 50 oscillations. At long lengths (greater tl)an ^ 
'20 cm)' the period-length relation does not follow a parabola. Care must be 
.exercised in starting^ the motion of the system to prevent a^ "wobble"^motion 

of the mass. ^ " '"^ • : 

* ■ • , - ' 

The text suggests that measurements of the period o,f the system be made * ' 

.for .blade lengths ranging from 20 cm to 10 -cm. ^You should have the students 
take data* with as shoarb a blade length as possibp.e,. Tcie curvature of the ^ 
parabola is most clearly evident at these short lengths, A table of values . ^ 

found with similar equipment is shown on the >nex't page (Figure 3). 

- • I • 

tfhe students^ Jihqmse Ives shdul^f >ente^ the column headings as they see. the 
need for these particular headings. Once the class agrees upon the ap^op- 
riate headings, however, uniformity i^ *tj> l^e desired. Uiere will be a need 
' for only the first fpur* colomns at -^'^^^ point. , ^ ^ 

The students should, it at, aWpossible, work in teams of four. In this, 
way eapb student will follow cl#^ly all aspects of the experiment, and profit 
accq^ingly, Tlj^s experiment idoses its effectiveness when done as ja student 
or teacher dempnstration. // /\ - • . • . • 

* * ^ The display of the da^ on\ coordinate paper follows closely the proce- 
dures developed in the Experiment.* Since the curvature o'f ^the parabola 
is not large, the st\\dj^s should be cautipnec^ about plotting J||ieir data 



carefully* 0:1 is^^^ri^ant that the student realize tHe ^^'smoothi curve" is 




Kumber \ 
of 

Oscillations 



Titte. 
^sec 



Period 
sec 



Length 

Sqifered 

2 
cm. 



Calculated , 

Curve 

Using 
t-.0.1= .0025d^ 
' Periods 



20 

19 
18 

17*^ 

15 
Ik 

13 

12, 

11 

' 10 



50 

50 

50. 

50/ 

50 

50 ^ 

50 

50" 

50 

50 



58.0 
52.0 
U5.5 
4Q.2 
36.2 
32.5 
28.9 
■26. 4 
23.0 
20.7 
19.0 



1.16 
l.Oi^ 
% 0.91 

.0.8 ' 
0.72 
I 0.65 
0.58 
0.53 ' 

o.hi 
0.38 



koo 

361 

32% 

289-* 

256 , 

225 

196 

169 

Ikk 

121 
■100 



0.91 

0.7^^ 



8 

if* 

0 



V 



0.26 

O.lk 
0.10 
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much more realistic pJ:iy8icaUy than connecting points by straight lines. You 
shoxad also ^h^size that the physical model does not -extend beyond the^set 
of points obtained in the experiment. That is, the domain is limited by the 
experiment. A -plot of' the data €t)r this experiment is shown and a smooth 
curve has- "been drawn -to represent the data (Figure k). 



J 



o 

o 

w 

o 
u 



1,6 



1.2 



0,8 





S 12 

distance-centimeters 
Figure \ 



.16 



20 



The students should carefully labpl both the horizontal and the vertical 
axes* Units must be specified for both. ^The'distance values (d) should, be 
plotted «,Xpjng the horizontal axis, since t^hi^ is t|ie domain of the relation. 
The per:^oa values (t)*mak^ up the range of the relation and sh )vild be plotted 
along .t&e vertical axis. 



to" for the Horizontal f^etronomt* /e^aribles the curve of Problem 1." In 



.■M.t tlhis point a review of Exercise 1 may prove valuable. 



The "best 



tni's problem fofining ordered pairs (x ,y) yielded^ linear relation; hence, 

* ' ♦ p • • • 

it ^eems logical to try ordered pairis of the form (d ,t) in this case. 

' ' . ' > , / » , . ' ' 

^The **best" line drawn through the plot of the (d ,t) relation ^gainTfol- 
lowBP'the procedure used in the linear chapter. Sfnce Vo^ domain ^dops tio-f ' 
/include zefoi Xhk studjent should be cautipned^ not to;^extend t^e stbraight 44.116^ 



to the t-axis intercept. The gooint-slope fortnr should be used to determine the 
'equation ot the straight line/ V^en "the domain has been extended, the inter- 
cept can *be.,us^d to check the mathematical model * 

A graph of the (d^^t) relation, using the data from column 5 of the table, 
is shown in Figure 5. The- equation obtained for this line is ' 

^t = 0-Qp25d + a.l . r 

Using this equatioh^alculated values were plotted (solid circles^ in Figure^ if) 
on the original ^(d,t) graph* As with previdu^ graphs', the straight lines will 
riot be the same from group to groups 



^ •1*2- 




distance squared-centlmeters 
Figure '5 
■80 
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Exercise 2 



l-T The following equations' describe various curves, 

(a) What ordered pairs would you form in each case to show a straight 

• line graph? • ' . • ^ - ^ ' 

(h) Use the following numbers {-2, -1, 1, 2) from the domain of the 



' given 
(c) Plot the 
.X^hjr^ the 

Example: 




'ear 



form the predicted ordered pairs, 
s and check to ,see if they fall in a straigh-flftine 
equation for each graph. ^ 



3(i)^ 



Predict ordered pairs of the form (py)« 



3(- |) + 2- 



1. 1 i) 



In a similar way, the fallowing ordered pairs are 
calculated:"*^ 

(-1,-1) 

(1,5) ^ • • 
^2' 2^ . . 




• NcJfe: O'cannot be used to foim an 

. ordered pair for this re 
since ^ is\ndef ined; Thi2 
(0,2) isj missing from the 
Bj^^ the ordered pair' (0,2) is • 
not in the* relation. • 

The equation of the line is 
y = 3U + 2, The domain of U is 
'iall real numbers except 0, and the 
range of y is all real numbers 
except 2. , ' 



(a) 



y = jx-^ + 1 
(x^/y) " 

(-8.-1) 

f-1,6) 

(1,8)- . 

'(8,15) , 
•y'= U + t 




(t) y - 3 = 

, (111, 11) 
(l-lUll) 

y = |U| + 10 





> 










« 


















1 








12 3^ 



(c) y = ;^ - 

V 15') 



(1,-3) 



y 



u 




L 



2. jif you^pick any point on ^he graph of y = the-fjirst element of the 
''J .orderfed pair vill the sqiiare roof of tlie second (element. 

' . ' FOT exan^le: To find consider the ordered pair of ^the^ graph for 

which k9_ is the. second element (7,'^9)'. l^ie first element of this ordered' 
" . ' pair is 7 which is >^ . ' ''* _ 



130 

l20 
110 

100 

90 
80 
70 
60 
50 

ho 
30 
20 

10 

0- 



- 
























































^- 


« 


























































- 


















































.- 










1 
























(7 






























































--}-• 










k 


St 






u_ 




























































































1: 








4- 


- 










































































































u 






























































































= 




















































































































r- 






i 












































































































u 


.--i— 






































































































L 






,1 
























































• 






























































































































































r 












































































































u 








- 

4- 




1 


















































































[ 






± 


















r 


















































































1 


















u 




























































































t- 












i- 




u 


























































i 






































■r 


'i i 










u 
































































































t: 


M S 


















































— 
































































- 






















































































































































































































j 
























































... 
























































1 
























































b 














































































hf 






4- 


























u 


























































I 






































L 








































































T 
















h 






1 ■ 


U 






— 






_ 














































































































U 


_ 












































































U 






























u 


























































































1 




























■ 


- 














L I 


















! 




1 




































— 


























: 1 


i_ 


















1 










i 


















t/ 








I 










I 
















r t 


~r 














L 
















































-Jn: 






1 






















_ 






I i 






1 
























































I 










- 
















■ 














rr- 


















































t' 














































[- 




















































1. 1 






































































































r- 
































































































"T 




















































u 












































j 






























































1 












































































- 










i 






























! 




















^. 




















^- 


















































































- 


















































h 








































































rrr 






















/ 


























* 






























+■ 






! 




I 




































u 














1 








t 












































— 


- 








J 




































[i 


















= 








f 












-E 




























































































J 
























i 


























































-J 


















y, ' 
























— H 
















r 












































































T 1 1 












































































r t 


























{ 


























J 




















1 




































rt" 

-4- 


























[" 
















































































- 






d 




, 
















































































































































































J 










































































— 






































H 






































r 
















- 


























1 


















































































J.I 

■ 




















r 










-h 


























J 






"V 






































- 






































































1 






































































































1 




- 




1 














































































_ 






















! 
1 










































































































- 










































































- 
















































:: 










































: 






















































































































































































































„, 


1 
























































































r 1 
































-| 








































































































































































































































































































































































































































































H 




































































4l 






t 








1 


1 




! 








1 














! 































7^^ 



10 , 11 



From the gra^oh, "obtaiij the following valuesf, 



(a) V25 ^ : 

.1 ■ ^(b) ^/l^l li 

Cc).,y2" iJi 

(d) - 755 63 ; 

(e) M 9>2 ; 

Note: The student should" 




(k) (lO.Sr 

.(i> .(3i)^' 

2 . 



117 
10 
^0 



, (i) (4.6)'^ 21.^ ,^1 ' (n) (75)^ ■ 7.6',X 10' 



■ ■ p) . ■ .88 r 

;ncrc be ^«pected.?fep" r 
than the nearest .0«1 , and k^h^ yerti^eX 



= 58 fx 10 = 5800 - 

^«pected.t:fep" reaof ^/le^,horizontal axis closer 



than, •the nearest unit. 



1 



From your original graph pt (d,,t) pairs find the value of t correspondirig 
to d =^'8.5 cm. Using the equation you obtained iTo describe the* distance- 
period relation calculate the ]^eriod corresponding to a distance of 8.^ 
'centimeters. Compare the two results. ^ . * ' » 

From the dSl^erimental graph, the period corresponding to d = 8.5 cm 



is 0.28 sec ; 



Using the equation t = O.OO25 d^ + 0.1, when d = 8.5- cm t = 0.28 sec. 

Each oi the following sets of ordered pairs (d,r) describes yarious curves. 

(a) Plot the i^oints. 

(b) Draw the curve. * 

2 \ * * 

.(c) Form new ordered paij^s of thrfornf (d ,r) and plot these points. 

(d) If the (d^,r) ordered pairs fahn a linear relation, draw the straight 
line and find the equation of the line. 



(a)^((o;o), (1,2), t2,8), (3,18); (i \)) 



2> 2' 



(a^r): 



2€ 
15 
IC 



(o;o:^, \i,2), {y)>^ 
(9,18), \\, \) 





1 2 -l'--^ 5 7 »- 9 



(b) .{(0,2), (1,3), (2,6), (3,li),^^,l8)'r 



(0,2), 
(9,11) 



(1,3), (^,6), 
(16,18) 




fc) [(0,2), (2,0), (1, |), (|, ^)} 




.(aV): (0,2), (4,0), (1,1), 
, (i^) ■ 




>5 



(a) {(1,L), (2,10), (3,25). (|, ^); (|, §)) 



6-- 



25 

T 

15 
iO 

:^ 

-j — 



■(d2,r):-^,l), (If^io), (9,25), 
'/9 19 N ,23 67^ 




1" 2 3 5 




■ If we ccmsider the domain oyd^o' include all positive real numbers, use 

your mathematical moflel to/calculaj:e the values of the period that corres- 
, pond to the followitfe values of k. j ^ , • ■ 

- . • r ^® equatloif from the text is used ,(t = O.OO25 d? <*■ O.l). Studeni 

1^^-'^' rje.sponses will differ from those* gjiyer>^ ' ' 

(a)'^d = 50'cm>^ | 6.2.^' sec ^ '(c) V*== 500 cm' 62^ sea-^ 

» (bX.'d = 100 cm* !| 25 sec . ^*(d), d' = 1000' cm ^ - / 2>5 X-^IO"^ sec 



> ■ * 

% 1 ..\ 
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h.6 The Parabola 

^ lO this section we study the graph of y = Ax^, where A is apy nonzero ^ 
rea-1 number. vWe show how the .graph can be obtained from the graph of y = x . 
The sign of A an3''W absolute v^lue of A ane the determining factors. If A 
is 'positive, the cur^ j>pens upward; if -A is "negative, the curve opens down- 
ward.. If; |a| is small, the curve is relaTively flat; if |a| is large, the 
curve is steep. Ihis can be proved ," but ^t is probably b'^t shown by examples. 
Figure 6 illustrates ^some of these facts. ^ 




A<0 lAUmdll 
|A| torge 



ERIC ( 



Figur^ ^ f * r 

Thelstrjden^ shoLld be asked to makjb tables similar to fehose in the text _ 
for variius values Jf A . -They should .'plot these points arid draw a smooth curve 
through, them. The study of the significance of- the coefficient A gives quali- j 
taUve information, but ^oes not ejiable, a ^ud^nt to draw the graph. ■; 

.In. this section we ehow how^the graph of y = Ax^ + C can be obtained 
/rom the.graph of y = Ax^ . Hhe graph pf y = Wbc^ V C is congruent to the " 
' graph .of y = Ax^ "(have students use a sheet 6S onion-skin paper-or frosted " 
aclt^te to show the congruence). Th,^ graph is obtained from the lattir by ' 
trahslating- it upward or dowrward, depending on the value ^C. The student 

86 . 
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^# needs,, to taaow how to use the number C to locate tlie^graph of y = Ax + C. 
^^i?^-^ vertex of the curve is |c[ units above t^e graph of y = Ax^ if C is pos- 
|5f Jtive,^ ^nd |e| units below the graph of y=! Ax^ if C is negative. Examples, 
rT'' leather than formal proofs should be stressed, taie next* figure shows- some of 
it;vi;thes9 facts (Figure 7). 



ii ••• 
I-----; 

i-v: 



I 




Exercise' 3 






The three curves shown 'at the right 
|y;\ ar^ sketches of the graphs of ^ 



1- 2 



12 



Match each! curve with the proper 
equation. 



i 2 

' 'Curve A is <n?e graph of ■ y =*2X 

• ' / .12 

Cui^e B^is the graph of y = gJC 

Curve C*iB the graph of y = -pix^ 

9t 



'92 



* 

Desaribe hov the graph of y.= A± differs from the graph of y = x 
in eadi of the following' cases; ' 

(a) A \ 0 The smaller the value of A, the flatter 

• • \ ' * the graph of y = iuc^, and for A =,^>,^it 

>py'**-- \ * degenerates into the linear equation 

' j y = 0 which is thp x^-axis* 

► (b) 0/kK < I All parabolas for 0 < 4 < 1 are between 

..v^'' , » '2'' 

y-'X * the X-axis and the parabola Jr x . : ^ 

* * * 2 * 

(cV a'> 1 A >.l the parabolas y = Ax are inside 

. • » ' '2 ' * ' • 

. the parabola y ~ x . ^ < " 

(d) A = -1 • . A = -1 the p^grabola has the sfime shape 

* / • as y = x^ xeflect^d with respect- "to the ^ 

\ * * X-axis,. r • ' 



•Make^eh table 'of at least seven ordered pairs, for eacli of the following 
equations., /use* both positive' and negative values of ,x- Draw 411 x>f the, 
'graphs on the .same sheet of coordinate pap^i.- ' y [ • • * 

'(a) y -2x^ • ' (c) y = 7 3x^. ^ • . 

TO / ' ._v ' T^2 ' . 



\ 



4. Plot th^ordered pairs given belov and draw a sniooth curve through the 
points . 



-3 



A 



0 . 




Is- this relation a function? No. 

Is the converse of this relation 

a function? ' Yes. 

Gan you think of an^ eiquation to . ' 

•2 

describe the relation? x = y . 



^. For each of the folloving pairs of equations below, plot the graphs using 
'a single set. of coordinate axes for'^^ach pair. 



(a) 2x^^ + 3 
y = 2x^ - 3, 



(b) y = + 3 
12 , 

y = - 3 
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t 6« Which of the relations in Problem 5 have a minimum value and which have 



. a maximum value? Ijhat are these values? 




A ' (a) Both have a minimum. 

..y = + 3 Min: (0,3) 
\ '- \ . y = 2x^ -'3 Min; " (Q,-3) 

(b) Both have a Inlnimum. 

-tf.k^^' * 3 Mn: (0,3) 

y = ix^ - 3 Mi'n: (o;-3) , 

I 

(c.) Both have a maximum. 

y'= -2x^ + 3 Max: (0,3) 
y - -2x^ - 3 Max: (0^-3) 

^;»^(d)' One minimum and one maximum. 

y.^= X + 1 Min: (0,1) 
-'^ '"yJ^X^ + 1 l^x: (0,1) " 

^»''^(e) One minir^un and ^e ^ximum. 



2.. 



>' ^" - 1 !4x: (0,-1 > 



ty)"" One minimum- and one* max4:mum. 

' y + i -Min-; (0,1) * 

y ='-3x + 1 Maxi (0,1) 



-J • 



/ 



^ 7- TJie*" following equations describe curves whic^ are not parabolas. What^ ^\ 
^ ' ordered pairs would yoii form in -each, case, to show a parfebolic relation? • 



(a) y = 2x +3 
' , (x^y> 



(b-) y ^ x^ - 2 



k.l Tcii Oscillating Spring ^perime^t f 

, 2Ms experiment', should be performed in- groups of k ot. 5 stude^s. Ihe ^ 
i -equipment neede^^for ^each 'group is:. ' , . / * 

r ^ ^ ' ^ ' ' ' ' . ^- 

' . . , ' 1 spring (the spring from 'a window shad^ roller is excellent 



j ' • for this experiment) 

! 1 * . ? ' ^ ^ 

1 • -5 X 36-inph hardwood dowel " *y 



■:; 1 • ^ X 3&-ii 



1 w^ist^ watch with sweeps second hand 

(stop watch if a-sjaiJUible) 
1 100-gram mass // : . 

* 2 200-gram masses . - > , 
. / 1 500-gram mass ' _ _ , < 

maiskirig '"tafe . -\ . _ x 

*For any spring, the extension of the spring is proportional to^ the force 
applied ta it, if the force" is not sufficient to exceed the so-called elastic 
limit for the spring. ' / ' . 

In the present experiment, a spring is made to oscillate with a mass 
suspended from it.. The period-mass relation is the most interesting one to 
* pursue,. ^ " ^ 

A. suitable spring will oscillate for a time of several minutes 'with a 
reasf>n^T,e amplitude. Because 'of this fact, one may measure the time interval • 
for 50 coii5)lete oscillations with a. stopwatch and obtain the period pimply by^^^ 
dividing this time interval by 50* * ' * 

' * It is good praxitice always to encourage suggestions from the "students as 
to whajt the important variables in *a given experimental situation might* be. 
Eventually you will w^nt to focus the attention of the class upon the period- ^ 
mass r^i€ition. . » " • ^ 

Jhe spring fot^nd inside a window shade roller is an excellent .one for 
ov^ piorpose. These may be obtained at £fny shadfe shop, and ate to be preferred 
ove'r a commercial item such as those obtained fromr^ scientific^ supply coii5)any. 
This spring may be loaded Vith a mass of about 1 Hilogram. It *is convenient to 
use masses of 100 , 200 , 300, 1000 granis, ttus giving ten data points. The | 

students should be »wajbned to puil the masses downward ' when starting the oscil- I 
lation no farther .than necessary to give a smooth oscillation that will persist 
at lea^t 50 times.- -^^i- 

As the spring-mass .'Sirstem is oscillating in an, up and down motion," there 
will also be a slight iJendulum swing to the s^st^m. It may be found that for : 
a particular load on the spring, the period 'pf oscillation of the sp:]*ing will 
c^^le with "^he period of swing of the device considered as a pendulum. if 
this happe^ns, you will note a change ot "up and down" motion to "swinging" 
I motion. XHis change from one form of os^cillation to another is an interesting 
phenomenon in itself but definitely not a desirable one here. |'f one of the^ ' 
8tua.ent grp;:^j5 'report's this type of behavior, have them change the length 
■^he spring ^nd mass combination. Simply' hang a "chairr" of two or three paper ^ 



cjlips to the spring and suspend the mass from the bottom clip. 

-^•"f^^e student's data sheet should appear similar to tlie one in Figure 8. . 
T^is one gi'O^es data collected from the experiment as performed by members of 
the wrft^igjE;eam. Th« student's data will, of course, differ from thqt shown., 



Ma^s of 
load 
grams 

i 


Number 
^'c illations 

- 


Time 
Sec 


Period 
Sec 

T 


Mass of 
load 
squared^ 
(gramsj^ 

X, 


Period 

squared 

(sec) 




' 100 


TTOO 


3D 


0.36 


V , 

1 X IT)^ 


0.13 ' 




200 


100 


51- . 


0.51 ^ 


. ' k X 10^ 


0.26 


• 


300 ^ 


'100- 


63 


0:63 


9 X 10 


o.^lo 


If 


' *4oo ^ 


,100.. 


73 


0.73 


16 X 10^ 


0.52 




500 


» 100 ' 


8l 


0.81 


k 

25 X 10 


'0.66 




, 6oo 


100 


87 


. 0:87 


36 X ip^ 


0.76 




700 


■ 100 ■ 






h9 X 10^ 


0.90 




oOO 


100 


100 


i{6o 


D4_ X 10 


1.0 , 




900 


100 


loB^ 


* 1.68 


81 X 10^ 


1.2 




1000 


• 100 


114 


i.i4 


k 

100 X 10 


1.3 ~ 
















* 
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krQ The . Physical Model / , , 

After t\ie students have completed the plotting of the po.in€^^ represented 

by the mass-peri(3d (j^,t) relation, it will be necessary to get some sort af^ 

\ ' ' . 

line*or curve for the data. By now ' le student should be accustomed to this 

procedure and realize that the "best" curve through or near the points rep- 
resents a kind of physical idealization of the data. MDreover, physical con- 
tinuity is^ assumed; that is, there would be a period for any pre-selected 
mass. one would care "to suspend from the spring. It is to be emphasized that . 
at this pointy no mathematical idealization of the data has Deen made (Figure 9). 
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I * . ^ 

0 ' 200 ^ '^K)0 600 800 1000 

♦ , • * ■ • 

load-grams 
• 0' Figure 9 ^ • ' 

« Once the sjnooth' curve has been di-awn, the student has the problem of 
•gettjing some relation between Jl and t which will be linear. This same pipb- 
lem was. fac^d and solved 4>i the Horizbntal Metronome Experiment. In this' 
experiment tHetStudent is allowed to follow this same |)rbcedure by calculating 
sets oS' ordered pairs in the form of { Jl ^t). However, when these are pl9tted, 
they do not lie in 'a. striiight line as indicated in the graph (Figure lO); 
that iSi thls^parikicular .procedure is not successful* This is not a bad 

' ^ • ^ ^ ' ^ 



experience for the stud^t, because in all problems of this sort, the scien- 
,tist searches for some relations which will be linear. 'Sometimes one scheme 
will work and sometimes another. This idea will be develojoed further as we 
go on wilh the experiments, * ' * 

« 

1.2 ' < y ^ 

, . 1,0 



c 
o 
o 

0 

•H 

U 
P4 



0,3 



0,6 



0,2 



OSCILIATING SPRII^'G 
, graph of {r ,1) 




.-J 



20X10 



^OXLO 



6OXL0 



mass square d-(0uK 



^ 



Figure 10 
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k.$ The Oscillating Springes Converse Relation 



The student must now start a search 'for some other scheme which may work 
in this situation* Ihis is carefully discussed in the student *s text and he 
first plots the converse of "tl^en ( /,t) relation because it then .'^looks" like ' 
the Metronome graph already discussed in this^ chapter . Tlrie graph of the con- 
* 'verse appears in Figure 11. . * 

. . I5ie student then proceeds to calculate the values of ordered p^firs / , 
^ f £ ) and enter them as column 6 of his data sheet. These are already on 
the data sheet which is included in this commentary and the points are plotted 
•on Figure 12* ^ese are, of course, based on oiir data and the studenlfs data 
and graph will be different. - / ^ » 



o. f 



to 



U2 



Boo 



000 



CO 



cl'OO 



graph of the converse of the « 
relation in fig. .1 ^ ^ ^ 




0,2 



0.^ 



0.0 



0.3 " • L X;u 



J 



period-seconds 



Figure 11 * . 



1 




5lo&«^«'^ 0,0013 



Intersection O.Oi(seo)'; 



200 



>00 



600 



dOO 



1000 



^ mass-grsons • • 

^ » * ^ •'• Figure 12 ' ' 

From previous experience with li;iear functions^ the student .should have 
no trouble in v2»iting.the equation pf the/line provided he is convinced that' 
it is a. line.' will be . ^ ^ ^ . • 

^^nd for the lihe on Figure 5, the equatibn wijLl be 

' V == o.oeisj? + 6.,pi . ' ; 
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TO find whethetr this equation of the line^ actually represents the graph _ 

Ik ^ 

of the converse of the original data of, Figur^ il^^the studentt must check for 
speoif ic values of A and / . He is instructed to do this by adding a new - 
column to his data sheet headed' ''load ( / ) in grams, calculated"^, "bie cal- 
, 'Ctdating done by letting t equal the vaLaeS^^wHich apt)ear ici /:he data table 
and finding / 'from tUe Equation above/* For*» example, vheu t = O.36 (first row 

(.36)^ ^ 0.0013/ + 0.01 • ' ^ 
- • • / = 99.8 ; . • ' ' 

The experimental value of / was 100* ^,4. ^ 

«The fact that a line*can be used to approximate the location of these 
vpoints is all important. ^ It is to be noted^ that a (0,0) point has ngt been^ 
♦J^abulate^ simply because .it wa^ not an experimental point. If the question" 
of tlie significance of this point did not arise before, it surely will now* 
The iwiportant point to make here is that the student ^should not assume that 
the line in this second 'graph should go through the origin. If a student's 
line runs through the ori^i, fiAe, but if it does not/, that » s all right ^too.^ 
' " .The student sho'uld^ pot be burdened with the knowledge that a vei*y small posi- 
' 'tiTre. intercept will be obtained if his ex]periment 'has been cfone carefully.. 

4 *> . . Exercise % \ 



The table at the right shows the experimental 
data, fo?* a hew oscillating spring • The ^load 
.( J? ) in grams »was fixedf^nd then- the correa- ^ 
ponding pwiods (t) in seconds^ were measured. 



( grams > 


.'^ t 
(sec) 




h 

'1 ^ . 






10.0 ' 




lii.5 


^ 5 V 


26.0 


15. ^ 


26.5 


'V . ^ 


3^1.0 


& - 



1. Graph tiie relation and its converse on separate sheets o1f coordinate 
papwc^'^ - > . , - . . • ^ ' ' 



" relation 



'Converse 



9 

6 
5 

!+ 

3 

■ 2^ 



■ 3> 
'30 

15' 
10 




'1 £ 3 6 7 8 9 10^ 



t ' 



2. 


Graph the 


(t^, i ) relation/ 


- the -equation foi* 'Jj . 




















* -1 * ' 








J ^^^^ * ' 






r 


9 


'6.5 






16" ' 


io;o 






25 


1^1.5 






36 


20.0 , 






^-^9 '■ 


; 26.5 












' ' ' " . 








< 










f 
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^ 0 ' 




• 



ho 

I 3'0 
?0 
/ 10 



99 ■ 

1.04 



u,o -■ 2.5 



£ -'2.5 l(t^ 



1:5 _ 1 

-I'y 



+ 2 



10 20 io 140 50 



Use your equation obtained above' to caj^cuiate values- of the load in 
§rams for each value" of the period i;i the range of the experimental ^ 
relation. Compare the calculated, and experimental values of the load. 



> 




• i 


- 


+ 2 = 


10 




= i(l,) + 2 = 2.5 




= \{^f 


+ 2 = 


14.5 




= |(2)^ + 2 =" ^.0 ' 




- \ief 


+ 2 = 


20 - 




= |(3)^ + 2-= 6.5 


n 


- \iif 


+ 2 = 


26.5 






2 


- w 


+ 2 = 


34 



'if. 10 Relations and Convers^ 



This sect"ion is intended to reinforce the idea of a rel5-e^.on and its 
converae. 

«' . ' ' ExerQise 5 ' ' 

' —7 — 

1. In the series* of graphs shown in the accompanying figure paip them so 
tHat in each cas'e you have *a relation and its converse. 



(a) and (b) form converse relations, 
(c) and-"(d) form converse 'relations. 



{e) andf Cg) form converse ^relations. 

^ (f ) and (h) form converse relations\ ' % ' . 

\_ ' (i) find (1) 'form converse relsrt:ions. . ^ 

(j). and (k)* form converse* rej-ations. 
" » « , < ^ •> * 

• j» . 

* ' 1 "4 , ' - ' • 

2. Which (jf the graphs in the figure represent 'function^? ^ * a 

^ , -\ * 

'See the labels for each group. , . t ^ 

3. ^ich pairs of graphs obtained* in Pro^em 1 represent one-to-one ^func- 
tions? (Note: Tf^bOth a relation a^id its cQ^verse are fujicjbions^ * 
therv tliese two relations are called' one-to-one fii^iclions . ) * 

■ . ^ ^ , . • ^ , 

I (a) and (b) represent one-to-one functions. 

-(c) and (d) .represent one-J^o-one functions. V 
* (e) and (g) represent ono-to-one ^tinctions. ^ - • 

^ . - (f) and (h) rep^^efent one-to-cne ''i^irwctions. T * 



(a)| function ' 



1 ' 
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(c) function 



(e) function 



(g) function 

y 




(i) function^ 



<k) function 



■ / 



(b) function 
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(d) function 

y 



function 

y 



(h) 



function 



Cj)^ not a -function 

y 

v.. 



not a function 



^.11 Translation of the Parabola . 



In this section we show how the graph of ; 

The graph of y = A(x - k)> is congruent to 



from the' graph of y = Ax 



A(j: - k) can be obtained 
2 



the graph of y = Ax and is nhta-; nQKU> f.mm the latter by translating it, 
either to the right or t'o the left depending* on the value of k. The student 
ne^ds tp know how to use^the number k to locate the graph of y = A(x - k) . 
The curve is [k] uniHis to the right of the 'graph of y, = Ax^ if k is positive 
and |k| units to the deft of this graph iVx'is negative. Figure 13 ghows 
some of these facts. *(A < 0 for these graphs.) 



■Ikl 




y=Ax 



^ Ikl- 




' ^ Figure 13 . ' * 

fi — « 

" ' 2 

'The last part of. the section shows that the graph of y = A(x - k) 4 p 

^ 2 ' * 

is congruent' to the graph of y = Ax and can be. obtained from'this latter 

graph'by translating it up or down depending on the valTue df p .and right or • 

I^ft depending on the value of. k. Itie student will need to kTnow how to use 

2 • 

the" numbers k and p to locate'the graph of y = A(x - k) ' + p . The curve . 
\ 2 • I* 1 * 

is |p| units above the graph of y = Ax if p is positive a^nd \^\ units 

below this graph if p is negative, |k| units to the right if k is positive,^ 
and jk] units to the left if k is negative. ' § - 

- * Here, too^ examples father than formal proofs should be stressed-. 
Figure 1^ shows some of these facts,. 
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yj\fx-kf+p 




j y-Afx-k) +0 



Figure* Ik , 



^ . If your cl^ss has learned how to solve a" quadratic equation ty completing 
the s/quar«i^ the materi-al found in Section l6-2 of SNfeG First Course in Algebra 

*,will follov the materl-el ve haye "presented thus far* 

• ' / ' ' ' 

» ■* • • 
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Exercise 6' 



For each of the folloviYig, ^describe hov you can obtain the graph of the 
first from the ,gra|>h of the second equation. , 

" " 4 



(a) y ^ 3(x + ^) • y = 3x 

Y6\x can obtain. the gr^hi of y = 3(x + k)' by moving the 
graph of • y = 3x "-four units to the left . 

(b) ,y = .2(x - ; -2x2 , . 

Ypu can o*Tbtain the graph of y^= -2(x.- 3)' by moving the 
'graph of y = ^hree units to the^right. - ^ 

- 103 • , ' - V 



(c) 



"(d) 



y = 



- i(x . 1)^ 



1 2 
2^ 



* '1 2 

You can obtain the graph of y'=i- p(x^'f l) by moving 

1 2 » ? 

the graph of y = -'g^ . ^"^^ "^^^S "to the left. 

1/ 1n2 1 2 \ ' ' * 



2. Set 
and 



1 12^ 

You can obtain the gr^h of y = -(x + — ) by moving the 
graph of y = t)ne-half unit to the left. 

up a table of* at least seven ordered pairs of the relation below, 
'then draw its graph. 

• . y'= 2(x ^ 2f 



5C 




-3 


. 5 
^'2 


-2 


3^ 
^2 . 


-1 


0> 








' 1 


0 


If 






'y 


8 


2 


2 


2 


2 


8 



You can obtain the graph of 
2 

y =^2(x + 2) by moving the 

graph of y = 2x ^ two units 
" > - • 

to the left. 




L 2, 3' 



3. \Complete the following table of ordered pairs for the equation 



~ '2 

y = 2X + 8x + 



X 


\-5 


-4 


-3 


-1 


1 


0 


■ 1 

'2- 


y 


18 


^ 8^ 


2' 


2 


A. 5 


8 


12.5' 



Braw the graph of the equation in Problem 3. compare with the graph 

drawn in'Problem 2. *^ 

« • * ' 

Graphs drawn for Problems 2' and 3, are ' 

CoWare tiie location of each of the following graphs (without drawing 
the gyaph)*with the location it would have it if were in the form of 



y = Ax . V / 

(a) ^ 3(x - 2)^ • k 



'The graph of y = 3x is npved two units to the'i^ht 



and four units downward. 

V 
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ip) y =,-(x 3)^ I 



^ 2 



The graph of y = -x is moved three unit s* to' the * left 
and 'one unit upward. 



The graph* of y = ^x*^ is rwDved two imit^ to the rigkt 



2' 

and two units .downward . 



(d) y = .2(x.-f 1)"^ -f 2 



The graph of ^ = -2x is moved one unit to the left 
and two units upward. • ' , 



6. Find equatipns for the following parabolas. 

T 2 * 

, (a) The' graph of y = x , moved 5 units to the left and, 2 units 

downward. • '-^ ' ^ . • 

•' y ='(x + - 2 

2 • ' 

b) The* graph of y = -x, moved 2 units to the left and 3 units 

upward. • ^ • ' * * ' • 

• . y = -(x + 2)^ -f 3 . ' ^ 



' * 1 2 1 * 

(c)^ The graph of y = ^ved ^ if nit, to the' right and 1 unit 



downward ♦ 



1. -1x2 
' ' y = 2 - 2^ 



■* 1 2 * 

(d) The graph 'of y = ^(x +7):^ ^ moved 7 units to the right 

' ' €^nd k units 




7;' '^et up a table oX^gi^ueast 7 ordered pairs for the relation "below , 
atte then draw its graph. 
' " ' y = (x »- 1)^-4 





i 

y 


^-2 


t>f' 


-1 


0 


0 


-3 


1 . 


-k - 


2 


-3 


'V 


"0 


k 


■ 5 




- 1/ 
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8. Set up a' table of at least 7 ordered pairs^j^r 
ilhe following relatiorg and draw Its graph. 



y = ^ 2^ - 3 



CoTi^are this, graph with that drawn for • 
Pro'blem 7. * 

^ ' Problems 7 and 8 will have the same graph. 



-2, 
-1 

0 

1 

2 

.3 

k 



5 

0 
-3 

-3 

0 

5 



/ 
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* ' \ ' ^ < ^ A . ^ Sample Test Items 

TRUE-FALSE 

!• All parabolas have a maximum or minimum point. ^ - * 

2. In the eguati^Ti = Ax + If C = 0 the veartex af the parabola 
is at the origin. ' ^ . • 

2 * / ' ' 

>-^..3. ' In the equation y = Ax +,C; the absolute value of A telld how rapidly 

the graph of the parabola opens. 

Th'e (distance, time) relation discussed in the Wick Experiment graphed 
as a continuous line over the domain of all positive distances. 

5. The physical limi-^tions imposed "by an experiment must always be imposed 
on the .mathematics' developed from the experiment. 

. 6. Jn order to get a straight line graph from the relation y = 5^ + h 
you could graph (x ^y) ordered *pairs. 

7. The vertex of- the grapSf'of the relation y ^ A(x - h)^ + k is (+h,-k). 

8. The number CT in the relation y = Ax + C indicates a vertical trans- 

« 2 

lation of the ►graph o f y = Ax . - • . v - 



l^TIPLE'. CHOICE ; 

r. The vert'ex of the graph of y = 3(x +2) - Jr^is: 

'■■f- r M (3,-5) ■ ^ • ,/ 

. (b) (12^5) ■ . ' . 



,(c)^ (2,-5) . • • 

(d)"'\(-2,-5) . • 

2^, - The e<iua-dion y = ^{x + 2) r 5 is an example of 
(^) a lir^ear equatiion 
'(b) a parabola » 
' ^ (c) a physical model ' ^ , ' 

^(d) a quadratic equation 
.'(e)' - none .of, t?ftft3e - ^ ^ . '^'-"^ ^ 
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In the g3pph of y = Ax + c, the magnittJde of [a| indicates 

(a) a maximum or minimum point " * 

(^) a horizontal translation 

(c) "the rate at which the graph opens 

(.d) a vetrtical translation ' , ^ ^ 

(e) none 'O J these , v • 



MATCHING 



The following figure shows the^graphs of several equations of the fq;rm 



y = A(x - k) + p . 








Which of tile graphs, if any, satisfy the foll^ing conditions? If there is 
no graph pictured .which satisfies a given .condition, write the word NONE in 



the IslanK". 

1. -A > 0 
k*>0 

, pSo 



^. ' A < 
^ k = 0 
p < 0 
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3- ^ A > 0 

k =\0 
— p*« (y. 

.5. A > 0 

• * ^ — 

' k = 0 
p > 0 

p > 0 



8. 



10. 



A > 0 
k > 0 • 
p - 0^ ' 

A > 0 . ) 
k < 0 
p = 0 

A > 0 
k > 0 
•p < 0 

A < 0 ^ 
k < 0 , . 
p < 0 



PROBLEMS 
.1. 



Using the set of ordered pairs of the form (x,y) 
^ .-■((OA)-, (2,1), (3j2), (-1,-3), (-2;2)) • • 

(a) 
(1)) 
(c)' 

(a) 



2 ^ 

form the set of (x.,y) ordered pairs 



form the set of (x ,y) ordered pairs 
form the set of {x,y ) oriaered pairs 
form the^set of (x,y^) ordered pairs 



2. 



The graph, displays a set " 
of Doddered pairs. 

-(a ) . What form of ordered 
pairs would give a 
straight line g^ph? 



5X* 



Using the points whose 
coordinates are indi- 
cated in the.graph^* 
form the ordere^ pairs 
of the, form which yould 
give a straight~^ine^^ 
' graph"; 
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^ i. 1 -U 






(-1,1)> 




--ml ' 




(-2.0) 






,1.0 i : 
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* 



(c) Sk^tch*^ th^ graph of the straight line, usi'ng the 'set of ordered 



* ^ pairs you just formed part (b). • y 
/ '(d) Wi'ite trie equation of the straijght lj:he which y( 

. ' • part ^c). . / . 

/ t / 

3', Braw* a graph of each of the following rieJLations. 



ou graphed in ^ 



4 

.(a) y = x^' + 1 
' (b) y = (x - 2)^ 
(c) y = (x - - \ 



I I 



II 



Find the coordinates -of the vertex of the .parabola that vould result 
from the graph of each of the following equations .■♦^^State whether each 
veHex is a taaximum pointy a minimum point, or neither. 



(a) y + 1 = 2x + 1 



(b) 



(y -ir ^2 



(c) y + I x^ = 4 



(d) ' (x + 2)'' - 3 = 3y 
ie). ^1) 
(f)i y - :x^ +2=0 



I 1 















* 


TRUE-FALSE 


J, 




False 




2. 












. u. 


False 






Falsfe ' 






True 




.7. 


False 




8. 


True 
















. N5JLTIPLE CHOICE 




i. 


(c) 




2. 






^ 3. 





Answers to gample Test Iteias . 



mTCHING 



2 



. ' 1- 
2. 


c * ' ; 

F 
















'■• L 5. 

•"■ . ' 6. 


A ' 

None , - ^ 




I ' .7. 


None 




■ 8. 


G 


• 




None r 




1 ' 10. 




/ i 






t * 




• 





PROBLEMS 



1^ 



'2. 



■(a) {(0,U), (U,l), (9,2), 41M), (U,2)} 
(l.)^*J[v(0,'U), (8,1), (27,2), (-IVS)^ (-8^2)} 
(cj" {^S,16), (2,1), (-lA (-2,1+).} 

(a) ,{(0,6U),.(2,1), (3,8), '(-1,-2^, (-2,8)> 

(a) (x,y2) 

(b) -(-2,0), (-1,1), (2,U), (7,9), (1U,16) 
(c) 









.8 
















5 12 16 



(•d) .y = X + 2- 
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' ' ' * Chapter 5 



5,1 Introduction 



- lliere are three major topics developed in this chapter:^, the slope of a , 

curve at a point, the hypert)ola, and irregular curves. The slope of a curve 

at /a point and its physical interpretation comes naturally from the analysis 
• © 

; of a simple experiment, Although full development. of t;he tangent line takes. . 
considerable mathematical sophistication, the fundamental idea can be seen quite 
easily. The student should obtain sbme insight into th^ importance of dis- 
cussing curves by their slope, " ^ 1 

i 

It is also felt that when the student has mastered the previous chapters j 
his interest will be heightened' by investigating more con5)lex functions. The 
last two experiments provide such an introdifct^on. ,In the first^case a»curve^^ 
is studied which reverses the pattern of considering positive power relations. « 
The'rec^procal function and the' graph of the hypeilDola ia easily obtained with 
the Lens Experiment,' The properties of the hyperbola lend themselves to a 
discussion of curve sketching. The Floating Magnet 'Expei:iment should be an 

' entertaining expe^ment to perform. AnalVsis of its behavior^, ^however, is not 
simple. It will challenge, anh hopefully^ ^J^^d to active discussions by, the ^ 

% students* * , , ^ \ . ^ J,-, ' ^ * 



5*2 Ihclined Plane ^ ' ^ 

In this sectipn the quadra-U.c^*is de^loped by examining the motion of 
a'ball rolling down/ an inclined plane. Ihe method followed^ in developing the 
parrabola is similar tb the oscillating spring. The slope -of t^^'^culn^c^j^ a ^ 
point is. introduQed and then shown to be equal to the velocity >t,hp hft^l^at 
that point. ' " „ ' 

She equipment necessary to perform this experiment is as follows: 

V 1 alumifium raiyang^^^^ by ^ inches^ . , ^ ^ . / 

1 8^1umihum rai^/{angle) f eet by ^ inches - . ^ 

1 it. .modeling"< 

11^ 1 ^ o , 
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' thread for -leveling ' . ^ 

billiard ball (although^not advisable, a smooth cro/guet hall may 
* ' ^ be substi^tuted for the -hilliSTrd ball.) 

»i stopwatch o|* wristwatch with ^veep second hand y ^' 

Since the equipment- takel a ° long running space^ the^^umber of grc^ps perform- 
ing the ^periment will b^t l*imited. It is "possible, however', to use the aisles 
and en<^ of the room to- ^pr^ivide f(jr a 4iaximum number of participd'fits* It is 
emphasized again that the^iljpolvement of stiidents with the experiment is nec- 
essary^ 

- - ^ 

The inclined plane is. moisted with modeling clay tdl the tops of twO ad- 
jacent desks or tables., Jt sho.uldJ)e ^ugporte^ in at least three places* The" 
clay provides a^ semi-rigid q^urit^^ig^hipli^ill -s^oV minor adjustments to^ be 
made. A convenient angle for thfe rail to make with the horizontal is obtained * 
by raising oqg end 1.5. inches above/'the other. The actual angle is not crit- 
ical, but it should be ke^t small ^ ^e t'ime -^or an ,eight-foot j'oljL is^ about 
7 seconds. -The straightness of th^^i^^ail is very ^important in the performance 
of th^ experimentT A thread ^tretched along the rail provides an accurate 
' method of determining the straightness of the rail. Attach the thread to one 
end of the rail and pull it tight^from the other end. The threac? should lie 
^clos^ to on^ of the rail edgea. -> By* manipulating the modeling clay, any sag 
or hiijnp* can be^ removed from the rail. ^ ^ ' 

^ four-foot horiz(^tal ^section is butted to the low end of the inclined 

rail* It is al§b supported by pieces of clay. The (discontinuity at the joint 

should be Rept 'as small as possible. To level the horizontal section, roll the 

.^"^ ^ 

ball along the rail and adjust «it with the clay until the ball moves with a , 
constant velocity 'i^n either- direction. An' alternate method would be to use 
,a l,evel. It is important that both rails be free of any nicks on their edges. 

(I - Mark the fol^owin^ distances on the rail starting from the^ 16wer end: 
1^/30^ 50, 100,, 1^0, 200. and 2h0 centimetei^ The horizontal rail is marked, 
at 100 centitnetei;s *f rom the bottom of 'the incline. * * 



The ball is released at the various mark^ and the titrie* interval' to the 
bottom is measured. Ihree trials ^re .made for each length, and the times 
^averaged, ^ae measurements on the horizontal^ rail will not be "Used immediately, 
but it is very difficult to set the equipment up exactly the same way another 
' d^y« For each of the above distances up the plane make measurement of the 
time taken for the ball to roll ^^i^ hundred centimeters along the horizontal 
rail, ^is data is to be compared with 'the data on the incline so it is 



n3 



important that it be taken at the same time. The experimental data for a 
trial inin is presented in Table \. • ' • 



Distance 
cm 

\ 


Trial 1 
Time 

4 




Trial 2 
Time 
Sec 


Trial 3 
Time 
Sec ' 


Average 
Time 
^ Sec • 


Average 
^ Time 
Squared 

Sec 


»Time to 
Travel 
100, cm 
Sec- 


Velocity 
cm/§ec 




15 








1.9 


3-6 


5.8 


'17 \ 


* 

6 


. 30 








2.6 ' \ 


6.8 




21 


♦ 












11.6 


' 3.6 


■•as 




' 100^ 










21' 


2.6- 








» 






5.7- 


32.^5 


' . 2.2 






200 * • 








6.7 


^5 


1.9 


■ 53 




2^10^ 








'7' ^ 


53 


1.0 


>* 










V 


Table 1 

X; 


4 


\ 







5.3 Analysis of the Experiment ' , ! 

> ' The analysis of the data fallows- the prpcedure outline{^ in the oscillating 
spring,. Distances on the plane are selepted and, theref6fe, are elements of ' ^ 
the <3oiqain. In this case, direct analysis will not yield a linear graph, so 
the converse set of- ordered paii's> is plotted. (See Figure 1.) The linear 
graph formed from_^t^,d) relation follows ^immediately in Tigure 2. All dis- . 
tances are measurex3 from the bottom of the inclined plane and, .hence, the 
graph, of the relation and its associated s^raigh^ line pasg^^th3;;;ough the origin; 
At" time thh distance travelled by the ball is zero, cvi^iti should 

be used to select the "best" straight line. ^ ^^^irtee the parabdla'^^^sses through 
the origin, the equation, the .s-jfUBent ^will is of- the form 

_2n 



d = slop^^(t ) 
d = At^ 



From the straight line graph in Figure 2 the slope is ^ 
n^ptical, idodel becomes 



The math^- 



d = h.6 t'' 
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Exercise 1 



2. 



Use the equation d = At . With your meas]^ed value of the coefficient 

A, calculate distance values that correspond to times of: 0, 1, 2, 3, 

/ 

h, 5, 6, 7 seconds. « 

distances computed from 'd = ^.6 t ; ' 
0, iQ.h, kl.k^ 75.6, 115, 166,^205 centimeters 

Draw a vertical line to represent the inclined plane. Startling at the 
top, mark to scale. on a piece o-f. graph 'paper the calculated ^sitions of 
^he ball along the inclined plane. Label these position^ vit,^ the corres- 
ponding times. 

graphs for problems 2 and k ^ 







































i ec 


1 


se< 








2 


sec 
















3 


s'e( 












































































Is 


ec 






































ec 




ec 






sec 








sec 

-e- 










se 









































20 



60 '80 100 12"5 iho^ 160 180 



3v on the drawing of the inclined plane 'in the exercise ibove/ye?ry care-^ . 
' fully mark the^.^position you thi^k the ball will occupy at a time of 
2.5 seconds. Usi^^"^ equation, now calculate the position of the 
bail at this time. CoT^are this point with your estimated position. 
-If the student'' &-guess -is V^ry-far off, tiy another point* The d-is- 
tance for $.5 sec is 28.8 cm. - * ^ • # 

' k. Multiplying your' value .of "A" by four will form a new equation. With 

this equation calfculE^te distance values for times of 0^ 1, 2, 3 seconds. 

u Ihe following calculations are made^using the equation 

d = l6.il t^,: d =0, 18. i|, 73.6, 166 centimeters. 
The plot is represented by open squares. 
^ to Problem 2. 

- VP 

• <> • . 



See answer 
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Slope of a Curve at a I^jpt * " ' 

The concept of the slope of a curve at a point is an extremely important 
one. Oiie primary purpose 'for performing the Inclined Plane Experiment has 
*been to develop^ this "concept . For this reason, some steps wejye deleted ^.n 
' tKe develo^ent ' of the parabola. 

It is' important to stress that ttie slope of a curve .at a point is defined 
as the slope of the line which kisses the curve af that onQ po,int. The kiss 
line is the tangent line to the curve. With thi^ definition in mind, the 
student can measure the slope of a kiss-line 'directly from the graph. In the 

♦ present instance we have a time-distance relation. The slop^-of a kiss line 
on this graph is therefore a distance divided by a timei* The ^physical unit 
of the slope is then the same as the physical unit of velocity, but this does 
not prove that the slope _is a velocity. It is only reasonable to, suppose tiiat 
zhe slope might' be interpreted. as a velocity.* . ' * ^ 

It is impbWant to realise that the present work Constitutes an opportun- 
ity to present a concept that many students will eventually encounter ii^ catl- 
culus. With the present 'treatment, a student should find the tangpnt.*to a 

• curve as developed in calculus much more easily handled. 

■ ■ ■ , ■ w ^ 

' • , Exercise 2 



1* 



1 2^ 

Carefully draw a graph of the parabola V = x , using integrally- 
spaced values^of x from -6 to .+6 inclusive. ' Graphically find the slope 
of the parabola ^at the points for f7hich x equals 6, ^, 2', 0, -2, -6. 

^ 1- 2 * * ' 

The slope of the parabola y = x at "the points for which 

X equals 6, 2, 0, -2, and -6 are, in order: 3, 2, 1, 0, 

-Ij -2, -3. The gra'ph that follows* shows the constructions. 
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2. The straight line is characterized by a constant. Slope 'whereas the quad- ^ 
, ratio has a continuously changing slope. .It is possible to find the. 
slope for many points on the cujrve, and hence, generate a new function 
, which would consist of ordered pairs composed of slope and the elements 
ifrom the domain. 

From the slopes found in .Problem 1, f9rm a ^et ot ordeyed^ pairs (x, slope). 
\ On a sheet of graph paper, draw coordinate axes and plot 'this sej of 
ordered pairs. ^ What conclusions can you draw about this. new function? 
The ordered pairs following the sequence of Problem l^are: (6,3), (^,2), 
(2,1), (0,0)„ .(.2,-1), (-^^-2), (-6,-3). graph is linear.. . 
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p 

Compare the slope of the^ curve in Problem 2 with the coefficient of x 
in Problem 1. 

The slope of the line is twice the coefficient of x ♦ • (This comes 
close to derivatives and tl^ irrterrelation of curves,^) 



5#5 Experimental Measurement of the Slope > 

The experimental measurement of the velocity of the "ball rolling down 
the inclined p^Lane is an extremely inqportant aspect of the experiments The ^ 
^velocity can he directly determined hy providing a 4- foot se est ion of rail 
JBpunted horizontally and positioned a1? end of the incline* Some care 
* should he teken to' place this section of raij. horizontally. It should also 
he placed against the end of the incline so that the hall will move as smoothly' 
^as possible. .The* velocity of the hall will. he approximately constant (disre- - 

garding friction) as it move^along this horizontal section. The horizontal 

' ' ' w 

velocity will depend upon the distance up the incline to the point from which ^ 
tlie hall was released. 



In the experiment, it is r.ecomijiended that the ball be released ^1$0 cm 
up the incline from^its lower end. A distance of 100 cm is marked from the 
lower end of the incline along the fiorizontar seoiion of ^rail. It is, of 
course^ extremely ingportant that the incline be set at precisely the same 
angle that was used in obtaining the original time-distance data. Otherwise, 
the meas^ured velocity* for the same release point would not, be the same' as 'it 
was 'before. - * / * ' \ . 

For a, release pointy I5O cm up the incline, the ball was found to i^equire 
-2.2 seconds to traverse thfe 100-cm distance along the horizontal section. The 
'measured velocity- is thus cm/sec. Ihis is to be compared wjth the slop© 
of the time-distancje relation taken a^ the point for which the distance is 
150 cm. The kiss line for this point is' shown on the graph of this relation. 
The measured slope is 5O cm/sec. . Allowing for some experimental error, we 
can conclude that the two values are the same. It is important that the 
student measure the slope first , so tha^ ^^^'^ ^ commitment concerning 

* the velocity. He then later compares this with the directly measured value 
of {the velocity. y 

"'^ This result is very important. We know that the directly observed veloc- 
^ ity his the same value as the , slope of the kiss line. Since i^he^slope of the 
kiss l^ne was defined to be the same as the slope of the curve at a point, 
the veld^ity of^^e ball is therefore the slope of the cuarve at a point. 



,^5.6 The Simple Lens ' ' ^ 

* This expe'irXment will introduce a reciprocal function and the graph of a 
hyperbolA^., fijjgfe part of the experiment consists of 'a discussion of the 
focal length of a\ms and how to ^nd.the location of focal points. The lens 
you»obt§4n may have\fOcal lengtli s*tamped on its container. However; ybu 
should not omit this preliminary material and the student should use the ex- 
perimental value of th^ focal length obtained in the classroom. 

The following equipment is necessary for each group performing the ex- . _ 
periment; ^ ^ 

1 positive lens, focal length 8 inches or less ^ ^ 



1 meter stick 



1 flashlight- or light source 

1 object screen 

1 2-ffleter strip of paper 
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1 focus or image screen 



To obtain the focal leiagth of the lens, mount tl^ lens on the meter , stick' 
with modeling clay. If the room is darkened and the meter stick is pointed 
throufeh an open window at some distatit object, you can obtain a "picture" on 
a white c'ard used as a screen. You probably will find that drawing *the window 
shade part-way will cut out some of the stray liglht ^reaching the screen and 
hence give a better picture, . Make at least three determinations of the dis- 
tance ^.fX^K^ "the. JLens to the c^d when the.jUnag4 is in focus. Most .students 
, at "^lils" level have not used a lens for this piarpose and will find this pro<|fe- 

most interesting. Let a few students make determinations of the focal V 
length. Average th'e values and use the average value throughout the experiment. 

Use a piece of cardboard as an *\object screen". Cut a small triangular 

^ole with sides one inch^at the cenxer of the cardboard. Insert a pin in the 

* base of the triangle. (See Figure 3.) -^"^ r /' ^ 

~. *«~— — ^ - ^ ^ 

A flashlight provides a. very con- 
'* • , . T"., ... - T-^^ 

veni-ent light source^^but any type of 

'lamp will serve. Tlie screen will pre- 
vent stray light frottt reaching the 
image screen. * 

Fasten the 2-meter tape to the 
floor. Place the lens, halfway along 
the tape. 'Use modeling clay as a base 
and try to arrange t^e lens so that its 

center is at the same heiJiJ^l^from the floor as the head' of the pin which is j 
being used as the ^i)^ 

on both sides of the lens make a mark on the tape 'corresponding to the ' 
" focal points. The focal points are'located a distance from the lens equal to , 
the focal length. BS^careful not to .loove, the lens once the focal points have 
been marked. object and image distances will be. measured from these points. 

.'Use the meter stick and mark each centimeter from the focal points to both ends 
•of the tape. • ^ ^ 

At this point the student should examine some of 'the properties of the 
.leris. Place^the object about one focal length from, the focal points The 
image wijl be found at about the same distance'^ from the other nfocal point., 
©le class should' observe as the object moves closer to the, lens the image 
' screen must move away from the lens to retain a sharp focus. Reverse the 
procedure and show the opposite effects As the objegt movqs away from the 




Figm'e 3 
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lens, the image moves closer. Place the object closer to the lens than the 

focal point. Have .someone in^the class try to find an image position. 

not spend more than a--fev minutes on the procedure but try - to show that an 

image-ea^not be found on the screen when the object is inside the focal point. 

Einphasize the fact that for Xar^ object distances, the image will not-be clos- 

*' ^ 

er to the lens than the focaf" point. It is a fact ^ that ^e cannot place the 

V • ^ * 

object within the focal point and obtain «n image on the screen. No matter - 

what object distance we pick, image screen will not be iiKjVed closer to 

the lens than the focal point. These are our reasons for making all measure- 

ments from the focal points. 

■*• 

lb perform the experiment, place the object on one of the centimeter / 
marks about three focal lengths from the focal point. >fove the screen until 
you have a, sharp image. Record object and image distance from the focal points * 
' {"fove the object until the image is out of focus, ^fc)ve the object at least two 
centimeters eaph time. Ijlove the screen to regain focus and reciord the dis- 
tances. If you continue in this manner until th,e image moves off the tape, 
you should have least 1*5 data points. 

The <?ata and the graph for an actual experiment are reproduced in Table 2, 
A lens with a focal length of 21.ij-.cmwas used. The inititl. distance pf.the 
^ object from the for^l point was 65 cm and readings were taken until the object ^ 
"^as ^''cm from the. focal point. Thjs gave 27 ordered pairs to plot. A graph 
of the set of ordered pairs appears^ in Figure ^. 



' ' iti^ Simple Lens 

Pocal Length 21 A cm 

--7"" ^ 



. Object 
tCentime'ters} ' 


Image 

TV? 0 4* 0 y> 

i/LS oallCe 

(Centimeters) 


1 

d 




O.J 


.015 


ox I 


ft < 
0* 0 






9.0 






y • 


• UXO 




y .o 




50 - 


0 7 


• KjcSJ 


•if 8 


g 8 


I ' 




^C\ li 


' ' ' 4^ 


^ .LJ. • X 






XX • 0 






TOT ' 

12,1 


> 


XI 
J 1 


.X 








.020 




XT) • U 


' -030 , 




x^ • P 




* ^ CO ^ 


xo, 0 


T 

• O3I 


27 


y XO» ^ 








All A ^ 




/ 21.1 




^ 21 * ' / 


0 'X 


• U*fO 


i* V ^ 19 . 

V / 






17 y ■ 


29.1 




15 ■ \ 


33.8' •• 


. .066 


\ .13 


•39.2 




. 11 




.111 


7,- 






)■ , ■ : 
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Figure k 



ExercJ.se 3 ' . 



1. In the lens experiyfent what is the domain 'and what is the -rra^e? 



The domain is the set of all object distances, ^r^^^y^.^: 



' . - -^e orange, is tiie^set^ of_al| ^image distances, 

^* Does. the graph of the relation (Figure 8) represent a function:? Why? 

-iJfes^ for every ^ image ^posiHon^here'eX^^ I ; ^ 

iPrie object distance, ^ ^ % 



Would it be meaningful to pass ,a smooth curve through the plotted points? 
/ >Why? 

*. Yes. For ea^ intermediate position of the lens there > ' 

will be a point at which there is an ipiage. 

k,^ Itfscuss the possibiliiby of extending the graph of the curve to very 
^ large or very small object distances I 

For very large object/ distances the image positio/ chanjges 
very little for chafiges in object position.^Tt is difficult 
to accurately locate image positions. Image positions for 
objects close to the focal poitit are highly sensitive to 
the object position. 



5*'?' I^ns Relation , ^ 

It most be understood that the experimental curve of the lens relation 
shgwn in Figure k cannot be represented by either a linear or quadratic rela- 

".tioh*/ ~^Cer€alnly no movement or rotation in any} way cap res.ult i^ a linear, 
, relation. Therefore, linear functions areleasily ruled out. The student' 

^ ma/ find it more difficult to rule out. quadratics, but* the curve which results 
froli this experiment cannot be a quadratic. Two points should maKe this ob- 

* *''vious to the student. First, in relation to the axes, the curve does not be- 
have as a quadratic. For large values of the domain^ the values of the range 
are riot large. In f^ct, the values of the range are Very small, Also/' for 
large values of the range the corresponding domain values are very sinall. 
Secondly, the curve cannot be a parabola even if it is rotated. The tangents 

J of a parabala tend to become parallel to each other as we move out on each 

ERJC 
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"branch 6^ the curve "Aie tangents of this cxirve t^h^ to "be at right angles 

to ^ach other as we move away from the origin, rejection of i^h^ quadratic - 

relation will be nore fully .discussed in the Floating Magnet Expeftoent. 

J - Uie lens relation requires a' new approach in 'obtaining a line ar^ relation • 
Previously other devices were used to develop the line. In this case it as 
necessary ^ use a reciprocal relation in order to determine the set lof oi*^ ^ 
•dered' pairs requisite* for the linear relation. • > , • . ^ 

The student's knowledge of the 33eciprocals of jauirbers s^hould be sufficient , 
for his use in this chapter. ^Tl^e ord^ed 'pairs ) will provide t^e ^neces- 

sary* data. * ^ ' ■ . 



When the (i,X« ) ll^elation is plotted, it is ar^ed that the line should 
pass through the* origin. GJie student should be made to understand that the 
origin is not a data point, but that the line approaches the origin as a 
limit by the kind of mathematical reasoning that has-been eiD$)loyed. When X 
is very large ^ is small.' For these large values of X, X' is shown to be 
very small ihSKJ^e if. Therefore/ the extended ^.ine comes very, close to 
the origin, as shown in Figure* 5. 

In forming the (i,X«) relation it idViiot necessary ^o calculate the 
reciprocals of all the object distances. Eleven points were used in the 
analysis of the (iata ft^orded in column 3 of .Table^2. At least ten points 
should be used. If ^the points are selected st'arting with large values of 
object distances, there is no •crowding' of points at the lower end. 

The graph which co;iipares the experimentally obtained curve with the 
curve^ calculated from" the student's equation should be one of ©reat satis- 
factiorl for the stMdent. The good 'match here indicates -jihat the data for 
the object position- image position relation for the lens has been reasonably 
accurate. The beauty and. symmetry of natural laws are another feature that ^ 
may, be ^ stressed, ,tc^^ether yith the power and simplicity of the mathematical 
description. 
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Exercise k 



..®ie' following '.table contains data taken from an experiment with gases. 



X< X CD D \XX C 

: .16 

, in 


Vnliinie 
. cm 


1, 


169 


I • 5. 


135 


10 


DO 




* 


12 


5° 


' 15 


1^5 


- 18 


38 


20 


' 3^ 


, 25 


; 25 


30 


23 


35* ' 


19 



gas 



■ fluid 
column 




By raising and lowering the fluid column, different pressures can be 
exerted oft the gas 'contained in the l_eft portion o'f the table. As th^ 
fluid column is raised, the pressure is increased and the g^s volume 



decreases. 

(a) Which elements of the table are the domain and. which are^ the .range? 

^ Since the pressures are selected, they are the domain. , 
The volume elements are the range. 

(b) On a coordinate plane, plot the ordered paii^s from the table and 
construct a physical model. 
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X o 



c 



200 



180 



160 -r; 



H-4 



-U- 



1- li- 



ii 




10 15 20 25 30 35 . ; 

Presure'- Ib/in^ 



(c) Form a new relation (— ,V) and plot these new ordered pairs, The 
ordered pairs taken in the same sequence as the^tal^le. a^re: 
J|^.25,l^9)/(0.20,135), (0.10,68)/ (0.083,56), (0.96j,if5), 
(0.056,38), .(0.050,34), (0.040,25), (0.633,23), (0.029,19) . 
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ro5 .1 



Pre sure - lb/in 



-2 



(a) Using this information, find the matlieinatical model which best 
represents the data. 

From the above graph the slope is = -675» 
Using this value, the mathematical model becomes 

. . ^ ^ V = 675 • J or ■ PV = 675 • ' 
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Reciprocal Function 

The preceding section developed the reciprocal relatfon for positive 
values of object distances. The present discussion logically extends the do- 
main to negative values. It is true that negative object distance and negative 
image distance do have physical significance. However, this opens up the sub- 
ject of virtual images and diverging light rays which will lead the student 
too far afield. The more* direct approach of the mathematical extension to 
negative values is used. \ 

» "\ 
Since the domain is extended to include all real numbers except zdro, 

a number of points should" be brought to the student's attention. Zero is 
excluded as an element of the domain because a nuiriber divided by zero is not 
defined over the real numbers. This exclusion of zero divides the relation 
into two parts. One portion lies in the first quadrant ,end the other in the 
third quadrant. Also, the curve exhibits a high degree of symmetry. Exchang- 
ing the domain and range does not change the graph. Therefore, y = x is a 
line of symmetry. Substituting -x for -x and -y for; y/ does not change 
the graph and therefore the curve is symmetric atout the origin. Finally,, 
the reciprocal relal^ion is a function. Each qlement of the range corresponds 
to only one element in the domain. 

In the text the phraSes "direct variation" or "inverse variation" are 
not used. These t^^rms have been avoided because of their wide abuse/ Instead 
the terms linear function or reciprocal function are used since they denote 
the form of the^equation. The material in this section has touched on only 
a few properties of the reciprocal function. In particular, it i§ hoped that 
the student will begin to see the symmetry that may arise in the graphs of 
fiCictions. 



Exercise ^ 

f 

1. Does the'Vange of the function X' = — include the value X' = 0 ? 

^ * 

. Explain. ^ ^ . ^ - 

2 * . < 

" f 

The range of the function X' = ^ does not include the value^ of 

< X' = 0. No matter how large X becomes, trie value of X' is always 

nonzero. 
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2. the siriple lens eqAation X« = , with the range and'^doinain 

• restricted to the values that can be obtained experimentally, represent 

- a f^incHjion if X and X» are interchanged? Why?^ 

A '• 
!rh^simple^lens relation X« = 5^ represents a. function over 

- •^'•«^the \oinain and range of the experimental relation, even if X 

and x\are Interchanged* This property defines a 1:1 function,^ 

The focal lenVbh of the lens found in many camera^ is 5O cm. Calculate 
X« in centimet^s for an ^object at a distance X of 1 meter; 10 meters;- 
1,5 X 10^ meters\(the distance to the moon); and 5.8 X 10 meters (the .^1, 



distance to the s 



The X' values a 
i^,3 X 10""^^ cm 



k. In each of the relations 




25 cm, 2-5 cm, 1.7 X lO"' cm. 



thrpugh Vi , * 

(a) For what 'value of x wrll :fehe denominator become zero? 

(b) Is it possible for x^to be equal to zero? ' ^ 

(c) . Find the value of y which corresponds to the following values of x: 

(-8, -3, 0, 1,, 3, ^>r\ . . 
' l[d) 'Using the values just found, form ordered pairs of the form (x,y) 
\ and plot on the coordinate plane. 

\ (e) Join the points with a smooth curve. Remeniber that there will be 
,i one wxdbev (part ^) which is-j^ot in the. domain of the relation. 
%f ) Is there- any number which is not in the range of this delation? 



:xr y = 



If so, what is it? 
10 



X - a 

(a) X = 2 ' 

(b) 'yes - 

(c) . {-1, -2, -5, 
> 10, 5, 2) 

'^d),^ (e) see graph 
"t?) yes. y = 0 



-10, 




II, y ~ 5 = 



10 



X - 2 

(a) X = 2 

(b) yes 

(c) {h, 3, 0/^5, 

15. 10, 7} 

(d) / (e) see graph 
(f ) yes. y ^ 5 




HI. y 



-10 



X.- 2 
.(a) , X = 2 

(b) yes 

(c) ' {1, 2, 5, 10, 

.10, ^5, -2} • 

(d) , (e) see 'graph' 
(f ) yes. y = 0 ^ 
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14'0 



• ' < 10 ■ 

(aj X 2 
^ (b) yes 

(c) {6, 7, 10^ 15, 

-5.; 0,31 - 

(d) , (e) see graph 
(f ) ^s. y = 5 
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(a) X = 2 

(b) yes 

(c) {1, 2, 5, 10, 
•10,5/2} ^" 

(d) , (e) see graph 
(f) yes. y = 0 



^ Alp- 
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5.9 !Cranslatlon of' Ax^s 



The translation 'Of linear functions was introduced in Chapter 3, The 
method for translating the axes of the coordinate plane both vextically and , » 
horizontally was developed. Itiis procedure was extended to parabolas in Chap- • 
ter In both cases the development included not only translation of the 
axes b}it also translation of the curve, *Since it is phys;Lcally significant, 
translation along both horizontal and vertical axes is performed on the recip- 



loc^^f unction. 

i ^ logical question arises as to the point from which measurements are 

taken in the lens experiment. Taking measurements from the focal point may 
seem somewhat artificial. The lens is probably a more logical starting point. 
Therefore the translation o-f axes by an* amount f is introduced. ^ 

Since the translation is somewhat coii5)lex the student can analyze what 
is ^ being accomplished by using the frosted acetate or onion-skin perper, ^5ov- 
ing the acetate by the amount f in each direction will give a pictorial 
represent at ion^f the translation. A shift to the right a distance f for 
/the* object focal point puts it coincident with the lens. ^Likewise, a simi- 
lar shift of f for the focal point on the image side prcts it coincident 
with the lens. Tl:iese two translations change the form of the equation and^ 
establish the lens as the starting point. 

Exercise 6 

111' ' ^ 

^ 1, Start with the equation ^ x = f whose significance is described in 

the text. Algebraically translate the axeal to the right and upward by 

the amount f . in each direction.. Hint: Form the equation 

r 11*1 

xTf " f " x» ' + f simplify. 

T>ie translations in this problem are obtained by adding 
f tiB bath object and image distances. •* 



1 i 



X +,f -r +^^f f 

1 \ 1 1 

x^i f^^ V ' X' + f 

. ^iffX*^ + f ) = X' (X -t f) 
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J - is a hyperbola in the form found in Problem 2, By how much 

X — 3 ^ ' * 

and in what direction5^/(7ould^ one have to translate the axes to, put it 

in the form y - — . 

X 

If one were to translate the axes to the ri^t *3 units and upward 
3 units the resulting equation Qould be of the correct form, 

V + ^ - / 3(x"+ 3) 
• ^ . (x -^3J + 3 

= 3x + 3-3 • ^ 

r yi 



k.' Transla1;e the axes used to describre the parabola yt= x - i^-x + 4 so 
that the vertex o£ 4:he parabola lies at the origin. By what amounts 
and in what directions did you translate the axes? 

2 ' ' . 

The parabola y = x - 4x + i^- can be rewritten as 

A horizontal translation of 2 unfts to^he right gives 

^ y = (x + 2 - 2)^' 7 

2 . • ' ) * ^ 

or, y = X , ' < ^ ^ 

J para'bola whose vertex is at the origin. ^ 



5»10 Curve Sketching . . ^ 

This section introduced an importatit topic that is Qften omitted* in a 
traditional treatment of algebra. The student should- learn curve sketching 
at arr early stage in his mathematical training. Although the topic is dealt 
with bxiefly here, many opportunities will arise in the* future in. which 'the 
student-may prapt ice curve sketching. This he should b'e encouraged to do. 



Mathema'tical insights are developed in this way* that msf^ptherwise be devel- 
oped by the student on his own. . .. * 

^ The seven steps discussed in curve sketching forms a continuous prccedure 
for analysis of the function, ^fie'^cli^sion into two parts' in the text is for 
convenience in illustrating individual portions of the curve. Also the student 
wi.lj. not be burdened with too many new ideas at once. After a little practice 
he should see the , similarity in the operations perfonned. in the^ two sedtions. 
Steps one and seven consider the equation for large positive and negati"\fe val- 
ues of the elements of the domain. Steps two and six analyze the equation 
for small positive and negative values of the elements in the doma^-n. Four 
discusses an intermediate behavior of the equation, and three gnd five the" 
singularities. Here singijlarities mean any points of peculiar behavior of 
the equation. It is important that the student understand the needs and re- 
quirements of each of 'the seven steps in the analysis. 



Exercise 7 

Sketch the following relations for all, possible Values of x: 



1. 



X 



X - 2 
3. y = x(x - 2) 



X = y*" - 2y + 1> 
5. y = 2(x + l) 
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(3) ' y 
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» 


/ y = x(x-2) 

Ar+ — -x' 
















y = 2U + 1) 




5.11 ^le Floating Magnet ^ 

In this section the student will ewcbunter further work with reciprocal 
functions. In addition^ however^ a new and iniportant aspect of mathematical 
rela.tion^ is developed. Ihe student^ will learn thaft it is not always possible 
to find a mathematical relation that will 'accurately represent the e^cperiraen- 
tal results over the entire experimental domai^ and range. The complex be- 
havior of eome physical systems brings out the idea of "curve fitting". 

It is found that a, reciprocal relation describes the experimental results 
over a portion of the experimental curve ^ but fails to describe it elsewhere 
Q5ii% is analagous tp the breakdown of a linear delation for describing a 
stretched spring or bent beam^ When the spring is stretched too far, or the 
beam bent too iftuch, the relation between load and stretching or bending 
Ceases^ to be a' linear .one. , 




* i 

The gloating Magnet Experiment 

Kie experiment with the "floating" magnets should be -a most interesting 
one for the students to perform. This will provide go^^iotivation for the 
mathematics that ^is developed. Ihe equip^nt Mst whi€h foilows is needed 
for each group performing the experiment. 



.ft' ♦ 



1 

k circular taagissts^ each ^ -inch thick (or, 2^ circular magnets 
' i each ^ rinch thick) * ' , 

1 aluminum or wooden knit€ing needle (of a size to easily slip . 
, ^ through^holes in magnets) . ^ > 

• ' • X ^two-tube $et of epoxy glue * 

« JL mounting hoard (with holes through which needles will slip 

, easily) ' ^ * ' , 

1 kit of'hooKed weights, each kit to -include: 

\ 1 ten- gram weight 

2 twenty-gram weights 
,1 fifty-gram weight 
1 one-hundred gram "^ight - * 
1 centimeter rule ^ * 

A supply of four-lines -to-the-inch quadrille coordinate pap^r 

The caps of each knijtting needle dre left in place, hut each^ needle is 
cut to a length of 3 to ^> inches. For the aluminum needles, one end of a 
/Stretched-out paper-clip is glued a ^hort way inside the cut end of the needle. 
Iti is ^provides a hook at the^^her end ta ^wiii chjthe various weights may be sus- 

' pended, Epoxy glue is recommended ^or this pui^jose. iSne magnets are i;hen 
arranged in pairs to repel on» anorther, slipped on to th^ knitting needle, ^and 
the entire device is then supported on a mounting board wiiiii^the^ needle placed 

^ through the hole. QJie needle must pass :frfeely through this hole as well as . 
the magnet holes. "In this position the bo':tom magne;^system rests on" the 
mountiiig board while the uppeA magnet syst^aa rides against the cap of 4'he^ 
knitting needle and is suspended* away from the low^r system. By loadings the 

eud pf the paper clip with weights, the separation between the pairs of mag- 

* * * / ^ * ' ' 

nets* can be made smaller. ^ ' - « * 

y Hhe data table and three graphs that follow *represenV tg^woijk Actually 
performed with a floating magnet arrangement. 3his jnat^ial is^includeja only 
l^to serve as^ a guide and may perhaps represent the 44nd of wopk for which^he. 
student may strive. ' ' • ^' ( , ^ 

^ Ncf particular problems should be encountered, by the students when .per- 
.^foiming this experiment. Be sure to instruct them to tap the needle gently 

^ J** * • ^ ' 

prior to' making a distance measurement • If the needle becomes "hung up" on 

the side of a magnet -hole or on the one in the meter stick, the tapping will 
allow .the needle to come to its prqper position. Loads shcJuld be suspended 
om the needle until the separation* distance between the magneta is approx- 
im£rtely.l mm. ^ , 

o ' - ' HQ. . • 



!Rie^Iloating Magnet 
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5*12 Search for a -Mathematical l^del 

Ifee relation evolved from the data of ^the' Float iag Magnet Experiment does^ 
not -fit the pattern of the gl'aphs in the student text Figure l8*, (a), (b), (c)* 
Students need to atten5)t to fit 9 pattern before reaching a conclusion that ^ 
methods already developjad^^do .not work. The reciprocal relation in Figure l8(d) 
can then be analyzed. The next section will explore the quantitative behavior 
of this relation,' ' ' ^ ^ . 



5*13 Ihe Reciprocal" delation 

The graph of Figure 6 shows the "best" curve through the data points, with 
s§5aration distance (s) plotted as a function of the load { )^ Tcils, of 
course, is the way the experiment was performed:* loads were determined and ^ 
separation distances resulted from these loads. 

^ ^ For reasons explained in the text, the converse of the experimental rela- 
tion is graphed. This is shown in the graph in Figure 7» Since all relations 
have converses, there should be no problem h^re. Now that the converse rela- 
tion has been plotted, this is the relation with which ve wij.1 work from this 
point on. ' It will be j^hstructive to the ""student to have graphed both the rela- 
rion and its converse for he will th^n be able to see that there is very little 
difference between the two in this case. ' 

^ Figure 8 exhibits the graph of load ( ) plotted against ^ . This graph * 
is most ihteresting sind'^it shows a decided kinkl (Kie first four points 
(small J-oads^ and small ^ values) ap£)roximate a line. The equation that 
obtained from this line is shovn on the 'graph. ' 'Rie dashed lines indicate the 
right triangle from which the slope was measured* (Also drawn on this graph 
is the line that approximates the last three points, *an exercise that will 
be referred to later.) ' ^ ' 

The points calculated from the straight line drawn tVirou^h the 'firsts four 
points on the graph in, Figure 8 are displayed on the graph in Figure 7. A cal- 
culated curve (dashed) is drawn through th^ calculated points. It is seen 
that t^s calculated curve "fits" the expe^mental curve^for a rang4 of lo^^s 
from 0 to 60 grams. 



r 



Exercise 8 



!• In the Floating Magnet Experiment we obtained the relation 

• ^ ^y = m(i-c) / 

4 I 

Algebraically obtain the converse of this relation. What sepai^ation 

distance does it predict for zero load? * , 

Oto obtain the converse of j£ ^ mC~ - c), solve' for s • ^ 
m s ' 



1 =y c =^^i2° 



,s m 



m 



,s = 



^ + mc 



For zero load, the converse relation predicts a separation distance 

c5f i f-El = i) , This value can be checked directly with the graph 
c ^mc5 » c ' * ^ ' 



c ^mo » c 
in Figjore '8•^ 

' i . ^ , ■. 

*Por a limitedi^domain, the floating magnet function was found to be 

y = m(- - '. ■ ■ 

What, is the jinit of m? the unit of c? • 

Tfie dnit of *m is g];;am m* %ie unit of^c is ~j • 

^. »- 

\ ' ' ^ ^ * k 

Sketch roughly the graph of y = - f <^ ; k < 0 . 




A particip.ar reciprocal delation is ^y .= i". Fio^f^e elements in 
range that correspond to the following elements in ^ the domain: 

iio-^ io-\ 10-^ 1, lo^ io\ 10^ . 

^ " ' 1 

In order/ the elements in the range of y = r: are: 

• 10^, It)^, lO'^, 1, 10 10 ^, 10 • 



the 



I ERLc ; 



4 5 0 



'5» ,.Por the relation of tl^e previous problem, find the elerjients in the (jotpai'n 



6. 



> relation that dorrespond to the following elements in the ran<^e: 

iio-4io-\'io-^ii,-3c;2,ioVio^- 1 ■■ I 1 I , jl: : 

In order, the elements' of the domain are: j , 

• io^xo\v, lMo■^.lo-^lo-^^ ' • , • . . ' 

Locate the x- and intercepts for the relation y =r--- for k > 0. 

J llie^re are no intercepts for the relation y = - for any value 

* of k /Jo . , ^ 



5-14 Curve Fitting 

The student should easily understand that the reciprocal relation fits 
the experimental curve for only a limited portion of the graph. It is in5)or- 
taat to stress also that there may be no simple cunJi^^hat can ever be found • 
to fit certain experimental relations. These are mathematical "facts^of life" 

Since the initial attempt to fit the data succeeded for only a portion of 
the graph, a spcond reciprocal relation is 'fitted to the last three pointy. 



Hiis second curve is developed in Probljsm k. A few of yQuri^better studJ^ 
^ * 1 1 iw 

may be interested in plotting and against'^'the load. A straight linfe 
pbrtion of this graph can be obtained to give another £ype of "fit" to th^- 
experimental curve. ^ It turns out, however, that these new relacE^.ons gi^m r 
better fit than was obtained before^ ^ ^ ^' . 



Exercise £ 

A beaker of water was heated on a hot plat6. The temperature of the water was 
recorae4/-ever:^ minute and the following data was obtained. 



Time 
^ ' ^ fnlin)^ ' - . 


Temp. 

m " 


0 




20 


' 1 






. 2 






3 


* 


■ • 58- 


k 




•61 . 








•6 • 




82 •' ■ 






- . 86 , 


8 




90 / 



L.j1 GratlyS^^^ -Over what range and domain would 

-/ you. say that the r^iatio3jj8|S.s a^ lid^ar one? 



^^ The graph .of th$ time- 

. temperature r.el^tloa^ appears 

' ' * i 0 \ . , ' 

• ) at' the right. ^ The relation 
/ is linear over the domain 
from 0 to 2 or 3 minutes 
'and 'over ihe range t)f tem- 
peratures from 20 to 50 or 
♦ 

60 degrees . >^ • 
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2. Draw your best straight line *to represent the' time -temper a t'ui-e relation 

for a restricted time domain. Find the e^quation that represents this^line. 

The equation that represents the line drawn is C = 13j^t + 20. ^ 

'3. Use th.e equation obtained in Problem 2 to- calculate temperatures 'fior each 
of The 9 time readings ; What is the error ^in temperature pirediction at ^ 
times of 1 min; k min; 7 min? ) ^ , * , 







_ .X t . 

(min) 


-a- 




2- 


3 




^' 


' -6- ^ 


7 ' 


i 8 ' 


— "temp 


20 ■ 


tt—: ' 




61 


} 


88 


102 

^ 


115 


129 



times ot\, k and 7 iSinutes thfe errors^ In the' temperaliure ' ) ^ '•T|~r yi- 
.predictions from the. equation are 0, 7 and 29 degrees respectively. 
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In the Floating Magnet Experiment you made a graph, of the reciprocal of 
the separation distance (-) along th^ horizo^taZ axis and the load ( i ) 
along^ the veirtical axl^. ^Braw a best strafght line through the points 
'which represent loads of 120, ikO and l60 grams. Obtain the equation for 
jthis,li|i€ | Cal^culate load values ( i )' from this equajtion, selecting the 
'bes-ilstri ight l,ine through tke load points* for/ 120, 1^ arid l6(| grams .a 
shown on,graph nunier 3. The equation* of this line is, i = 63. 6^ + 90. ^ 
(See, Figuire 8.")' The selected separations (s) and the correaponding loads 
(: Z ) are shown at the extreme right of the data table. The calculated 
curve is compared to the experimental curve on graph number k. Both . ^ 
"scales haVe been changed for this graph. -A good fit is obtained for loads 
between 120 and 1^0 grams. 



PrOb 
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' 0 s 


lem k 

calculated 
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See the following^ 
^ figure for a graph 
of this da^a*. 
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.THE FLOATING MAGIffiT 



Problem h 



\ curve calculated, from i 6J-.6 ^ + 90rO~,' 



Curve'Fitting ' 



f ^ '"^Vkn-^"*'-"-! range ^of loSxds 
- for good fit 




^ expei'imental <purvc 



0.5 



1.0 



1.5 



' 2.0 



separation (s) in mm,. * ^ /^^'' 
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Sarilple Test Ite1(^ • 

1. (a) Select a set of oi^ered pair^ that satisfy, the following three 
egua'^iions. ' ' . " 

(b) Use these ordered pairs to construct the graphs of these equations. 



I. 



I n. 



' = .3(x-l) 



III. 



1 2 

X 

h 



2. Using tl{e graphs in the preceding question f ind^ the slopes of the curves / 



at the following points. Draw the kissing line in each case* 

(a) j {2,h) on Graph I. 

(b) (0,-3), onX}raph II. 



: ^ 



' (c) (4,2) (0,-2),/ (2,100) on Graph III. ' ' ^ X^'f^^^ 

3. ^ The following ^ graph was, drawn from information gathered in an exp^riment^t^.^ 



dealing with a ball thrown into the air. rne height of the ball a||ove the 

ground was plotteS as" a function the time it took the ball to reach 

/ 

a definite height. ^ 



1 



\ 
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Time (sec) , . - - 

(a) Does the graph describe a function? 'Whsrb is the domain and range ^ 
of the rel.ation described by the function? 

Find the §lope. of the c^jrvo^at the foUoving points: \ (2,1^2), (^125$),* 
(7,li2), (8.1,-;L3.6), What .is the physics,! meaning of fhe slope. in 
each case? 



.Ih9 
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■3 ' ' ' 

Analyze and sketch y = — ^^-r- • 

Find the equation of xhe c]^e which is represented "by the following 
ordered pairs:* {(1,3), (^,9), (|,6), (3,l), • . 

i s 

Draw "^est**' straight lines to repr^ent^the relation "below a 
restricted, domain. 4^ 
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Over what^dDinaiin and range W9uld you say that the* relation is a linear, 
one?, , . • . ^ * 
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1 •\\ 



(a) Slope is everywhere the same and -equal to 3. 

(b) At (0,-3) slope is^O, ' 
At (^,5) sl^ope is 4, . ^ 

(c) At (4,2) slope is 

At^(o;-S1f slope is -I, • " ' ' ^ 

At (2,100) slope is 'undefined'. || 

2 

O^ie equation of 'the paral)oIa i^: ^ = 128t - l6t • 
The slopes at the various p(Artts are: ^ . 

(2,192) s^pe ±s 6k ' ' 

(4,256) .slope is 0 '""^ * 

(7,112) slope is -96 " ^ 

(8,1, -.13,6) slope is 0 (ball has hit ground) 

(1) For very large values of x the values of y are very; small* 

(2) As the value -of becomes smaller the; Value of j^bj^comes larger, 

(3) When X = 4, y is undefined, 

.(4) As X lp«|feomes smaj.ler and less than h but rertiains pos:^tive, y becomes 
smaller negatively, * ^ ^ 



(5) When X = 0, y = - I . ' 

(6) When X is equal to small negative val'uW:5(^^ is also small negatively. 
Ill)} / Foy Very^^rge nSgativ^e val\^ x, '1>hev-^^lues of ^ become very 
; sm^ll negatively, ^ ; ♦ 





.'To find the mathematical model first determine the reciprocals of the 
domaifi, and then form the reciprocal relatic^n of ordered pairs, 
(reciprocal of the domain^xange). This gives 

{(1,3), (3,9),' (2,6), (i,l), (^, |)) . ^ 
^Then plot these points ori^ set of rectangular coordinates. 
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Ihese points determine a straight«lir^e which appears to go through the 
origin. sio^pe'cf this line can* he found by 



Since the slope is m'« 3^ "the desired equation is y = ^ , 

'!Biree possible "best" straight lines can be drawn, Ihe domains and 
ranges are respectively: 

domain: -11 to -5 
* -2 to +2- 
+5 to +11 

' corresponding ranges: 

' ^+5 to 46^ ^ 

+3 to. -3 * ^ ' . 
.5 to -6^ ' ' ^ 




Appendix A 
THE BEST FITTING LINE 



'A«l Experimental Data 



In those experiments in which the data is supposed to satisfy a linear 
felatTon, the text tells the student to plot the 'data i>oints and draw the 
straight line whicfi^seenfe to *^est fit" the data,!. This is obviously an in- 
dividual choice, but if the data is reasonably exact, most students will do 
a very good job of finding such a line.^^V ' , 

, * In this appendix we wish to give you a liljftle background into the mathe- 
matical treatment of the 'Hsest fitting line". Some of yqur students may ^ 
realize that there must be '^soan^ mathematical procedure for finding these lines 
and you should be ^eady to answer questions or^ this Subject. 

First, however^ let us' mention a few facts about experimental data. Some 
experiments produce "good" data; some produce "poor" data^^ ^When we say that 
an^experiment produces "poor" data, we mean that there is a grfeat '^e'sl of 
'*^i>^?^"scatter" in the nuiribers we obtain. Figure 1 shows the graphs of "good", data 
and "poor" data which might be obtained i*n actual experiments. 



(a) 



Figure^ 1 



(to) : 



In Figure l(a) it is^easy to see what the best fi-^ting line is, iiut in 
^1 Figure l(b7, it is difficult. Scatter like this ds often inherent in the 
experiment, but sometimes when such daj^ is obtained^ it is possible to im- 
prove the experimental conditions to try ^nd obtain better Values. Frequently, 
'1jhe best way to dQ this, is to average the results hf several runs. Here, 



|er|c 



1% 



-160 




however),' we are itntei'ested in wha;t can be done with data whici« has naft bejen 
%C:.' . reflnld. x ; ? / ^ * , 

ilV,,; ,^ Suppose we have obtained a set 5f data such as shown "in Figure *2* 



J 



6' 



Figure 2 

Ihe dotted line seems to fit the data very, well except •fo;r one point • What 
should we do about that ^oint? 

Tae answer depends on the experiment; Suppose ^that the data in Figure 2 
represents the length' of a spring plotted against the mafes suspended from the 
'spring. It would be impossible for the spring to shorten as we add more raas^. 
l^erefore^ the third point must have been \n error (possible a\scale was read 
w^ng); The point should therefore be dropped from the data. ^ — 

^ On 5he^ other hand, there are types of experime^its in which we cannot 
automatically conclude that this point is in error. In this case, the only 
thing to do is go back and .check the experiment-; Mai^ important 'discoveries 
have, been made in this way. ' ' ^ ' " . -i 

^ If it is iftipossible to go back to check the data point which is out of ^ 
line, *bhe best colirse is to ^aiscard it. However, 6 point should be discarded 
' on this basis only when it is clearly out of line. The data, in Figure l(bj 
• .-^oiil4^be-^i^?^qy,ed.in,aj)^^^^ discarding two or_ three of'. 't^e points, ^but^^^^^ 



this'' would not be approved, 
ar.e clearly out og.^line. 



The data points are scattered and hone of them 



A.2 The Method of Least Sqiiares 

Suppose that we have a number of ' data points. How do we decide what 
line comes closest to fitting these points? 



^ / . 



Figure 3 . • ^7 ^ 

^ Look at Figure 3. Here we show four points.' The dotted line must be a better 
fit to the ^ta than either of the solid lines. We feel sure of this since the 
top line is "above" all the points, ^±le the bottom line i^ %elow" them. The 

' best line must somehow thread its way through the points without being either 
above or below- too many. 

This condition alone i^ not enough to characterize. the best fitting line. 
There are still toa many lines which would satisfy this requirement. 

/ . • - ' . - 

^ . _In most experimental situaliions, the horizontal coordinate (x- coordinate) 

ol^' the data points can be assumed to be known exactly (or at least with a 

higher degr^srof accuracy than the vertical coordinate).- This is because 

this wag the', variable that was "controlled" in the experiment. ^ ^ 

* ' " ----- - . - - ^ - - . * ^ ^ ^ 

Suppose that we have a set of points with coordinates (x,y ), (x^^y ),..., 



and tjtxat we plot-'^h^se in ''ttie coordinate plane and dra^w 'In some line y = mx + b 
At each of the :j«8 -^here will be^ope* vertical distance between this line and 
the corresponding data point* At x^, for example, the line will coTitain>the 
point' (x^, rax^ + b),^ The vertical distance between this point and thej^ata • 
point (\>y{) ' ' ! ' • 

; ' " ' ' I K'-^ ^ yi) • ' ' ^.f^^ ^ ' 

This win be positive iT the line pass^ above this point and' negative if dt 
passes below. ^ 

It might se^ that th6 best fitting line would be the one for which the' ^ 

sum of the absolute values of these differences J.s % miniraunu Unfortunately, • 

it is very jdiff icult to find the line which satisfies this condition. It : 

turns out to be much easier to find the line for which ^he sum of the squares 

/ • 

of tfiese* vertical differilnces is a minlm^ml This is fhe so-called "method* of 

» ^ ' / - . 

leasty'squares". Ihe method of least squares can be used to find the best 

fittingJLine. It^ban also be applied to the problem of finding the best fit- 

rting parabola, or the best fitting\line satisfying given conditions • 



A^.3 Ihe Best Fitting Line ^ . l./^^^. 

The best fitting line through an arbitrary set o^ data points mus.t p&ss 
through the«^"cer)ter of gravity" of the'^ points • lhat is, if the data %i given 
by the ordered pairs {^^^Y^^^ . ^^^""^ 

y »be the averages of the and y^ coordinates, 

i . . . . ^ L ^ ~ . • - - 

y = \ (yi +y2 ^ ••"■^^11) 



then th^best fitting line must pass thro^h the point (x,y) 

0 a 

Ohe equation of the best fitting line' is then 

■where the slope is given by , ^ ^ ^ ' 

^1^1 ^ ^2^2 ^ Vn' 



= —o '' 2 

^1 ^2 ^n " ^ 



(A proof of^4his is given in Section 2.6 .) 



5 ;■ 



1 . 



V, 



,il • 1 



• . An example my help' explain Jiow*this is dona. We prepare a ta^je of.4;he 
|7 values of x. and y . Two more coluhmsl are added to thi^*" table. One Is 
the valu|s of x^ for each line of the table and the secon(jL contains the 















2 




con5)uted y. 




i 1 


7 


1 


7 

> - 






2 


10,. 


1+ 


20- 


9.80 






12 


9 ■ 


.^36 


-13.37 ^ 




• 5 


20 


» 25 




20,51 




6 - 


25 


■36 ' 


. "150 


21+.08 




17 


. 7if' 




— r 
^ 313 





n X y = ^^(3.^) • (1^.8) = 251.60 



= lk.8 



_2 

n X 



5 • (3.i^r 



57.80 



313 - 251.60 
75 - 57.^ 



61 AO 
17.20 



= 3.57 



The equation of the l^st fitting line is therefore 



) 



y - U.8 = 3.57 (x - 3.^) 
y = 3.^7x f a^fe.. 



By using this e^i^^tion together with the values of x^^, we can compute 
^^'^^"hd "^tMoret^caL'S values of y^ . These-values^lr^ave- beer^ l^steij in the J^st, ^ ^, 



r,;. , column of the table for comparison. Ihus when x - ^ we find 



(theoretical),- = (3.57) • 5 + 2.66 = 



51 
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^•^ Best Fitting Line Through the Origin ' ' ^ 

■Often. there are good re^^ons for assuming that the best fitting line 
,through a set of points must^^pass tHrough the origin. O^iat is, that it must 
' be^f the form y = rax. It is then ouly necessary to determine the prqper- 
value of ^^needed to fi^\the data. \ - , 

Sup^e that the^data .values are given by the pairs (x^y^), (xg^YgH ^ 

• ' (i .y ). Then the slope of the best fitting linfe is given by 

• - . • • • Vi ^ V2 ^ ••• ^"Vri" ■ 

''2 ■ n 

This same result is often written in the more compact form y 
la = ^ — 2~ ' 



Where the capital sigma ^symbol is used to i^?dicate that the terms of this fom 
are to be added together (the subscript i runs through the values 1 to n). 
\ * If we used the. same date as given in the example of Section A. 3, but ^ ' 
assumed that "the line must pass through the origin, we wo%ld o^in 

' ; . . = 5g = ^-iT ■ ■ : 

' and, hence, the best fitting line would be sr- 

. . - < y = l+.-lTx . • » 

If you plot these points and the two lines', you will see that this line, does 
not fit the data nearly as- well, as J;he line found in Section A.3 . ' 

A. 5 The Bes1r Fitting Parabola ^ * f 

Suppose we have a set of .data which we are sure* should be related ^y\a * 
quadratic relation of^the form " , * 

then we tfan determine the best value of b in the following way. -^f the data 

is given by the ordered .pairs, (x^',y^), (x2,y2),_ •/ (V^n^ ' ' 

value for b is given by / 

2. 2 2 " 

- , ^ = 5 IT ST- •■ 

V + X. f +X.^ 
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Notice ^?tt thii formula only applies in thel casjs of a parabola whose 
; verte:6 is at the origin; that is^ when the fimdjional relation can be assumed 
to be of thp form given* above. The compilations may be arranged in the fol- 
Ixf^ng way:. " ' . *' * 





X . 

1 






k 

' X. 

1 


y 

2 

\ ^i 


• 

computed y^ 




1 


2 . 


1 


.1 


2 


2.96 




3 


25 . 

1 


'> 9 


81 


225 


26.6k- ^ 


5 . 


82 


25 


625 _ 


2050 


Ik.oo . 




7 


Ikl 


119 . 


2k01 


6909 


145. Oil. 




f* 






3108 


9186 





« * 

Ihe computed values of y^ shown in the last column are obtained from 

. 2 *. * 

.the formula y = 2.96 x . .r - - , - 



2«6 PiXDOfS 



Let A > Q and consider the quadratic function of t : * >" 

F(-fr) := At^+ Bt + C . 

For <( fet v alue of t is this expression a minimum? While this can be 
^. found easily with the help of ca^culus^ it can be found also by elementary 
m^ans. We merely have to ""complete the square in the quadratic expression to 



find 



F(t) 



At + Bt + 
1 • , 

[A^t + 



f C - 



+ c 



tJa 



(1) 



^ !flie first term in this last expression is always greater 'tl^am or equal to zero 
""{since it is squared) for any value of t . The minimum possible value of.F(t) 
is therefofe attained when the squared term is equal to zero. Hiis occxirs 

i 
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yherif^t = - ^ is the,valtie that gives -the miAi^ium of F(t) . • 

Now, letius use. this result to prove some of the assertions made above, . 
Fii*at, let us take one 6f tVie simpler cases, that' of a straight line passing 
through th^ origin.. -Here we assume that we hgve the dsfta {x^,y^), (Xg^Yg),. 

(x ',y ) and, we wish to find tWe best-fitting straight line in the form 
y = mx to this data. We wish to minimize the sums of the^s^quarlf of the 
differences mx^ - . The expression we wish, to minimize is 

"F(m) = 2 K -.y,|2 ^ (2) ' 

; ' . i=i ^ . ■ 

• ^ ..This is a quadratic function of m . If We compare it with equation (l), 
ve see that the minimum value of the sums of the squares of the differences 
OQCurs when ' ' ^ 



* In a similar way, we can derive the best fitting quadratic expression 
to fit a given set of &atB. If we assume ^that y.= bx then we wish to ' 
. minimize n * ^ > ' * ♦ 

This is a quadratic expression in b . Again, comparing this with (l), we 
Tind that the' best fitting parabola is given by setting 



■ . .B -(-sE'^i^yi) '^J^ 

' ^E . " "E^r 



Finally, let us look at tlfe problem of finding the best fitting straight 
line of the forpi y = mx + b . Here we have two parameters which can be ad^ ^ 
justed to minimize tj;ie sum of the squares of the differences. First, let us 
assume that m is fixed and try to find the best val^ie^f^ . Oto.do this. 



ve set 



1, , 

Since = y b is the sum of n identical terms, ^^^^ - nb' 

Therefore we find ^~ ^ ^ ' ' . . ' 

■ . F'(b) = .nb^ + 2b 2(inx. ^y.) + ^"(mx. - y.)^ . 
To minimize this function of b, we set * ^ 

2A = 2H = - n 2L,y^± - .^i) • 



b = ^ = 



Using the definitions 
we find that 



E^i *y = i S^i ^ 



;Putting this into the equation for the line, we have «^ 

\ y = ffix - mx + y . 

This is equivalent^ to ♦ ^ , 

> 1. • - • 

y - y = ra(x - x) . * 

alius, we have shown that the best fitting line rausit ^ss through the point 
(x,y). Next/ we obtain the )?est value for m . m do, this we wish to minimize 



i2 

2 



F(m) = 2^ [ra(x^ . x) + y. - y.]' 
= E tm^i - x) - (y^ - y)] 
= E E"^^(^i - - 2i^^^(p^Y^ - ?) + (y^ - y)2] 

E K - ^ E ^•-/)(yi - y). ^ • 



To minimize this, ^ we merely fallow^ the procedure used before and' set. 



'E W ■ ^^^^i ' 



i ? ^'l I.I 

for coa^tationai purposes, the nuimeratoi* and denominator of this expression 
can be' siii5)lif4ed in the foiSLpwing yay: ^ - . 



Also. 



y^x^y. - nxy - nxy + nxy^ 



[x^^ - 2xx^ + x^] 

E' 2 -2 -2 
- 2nx + nx 

2^x. -nx . 
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